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1. Introduction

Let M be an oriented closed homology 3-sphere, and λ(M) Casson
invariant of M . In this report, we construct some topological invariant
I(M) such that

• I(M) = λ(M) (Theorem1).

• I(M) = −Sign XfM

8
, where XfM

is a certain 4-dimensional sub-
manifold embedded in the two point configuration space of
M \ {p} (Theorem2)

And we will also see outline of the proofs of these theorems (§ 5).
Roughly speaking, λ(M) is defined by

λ(M) =
1

2
#

Hom(π1(M), SU(2))irr

conjugacy
,

and it is known that λ(M) is determined by the Dehn surgery for-
mula(c.f. [1]). On the other hand, λ(M) is the only one non-trivial
invariant which is finite type of degree 1 for both the algebraically split
link surgery and Torelli surgery.

Let X be an oriented compact smooth spin 4-manifold with boundary
∂X = M , such X always exists. Rohlin invariant µ(M) of M is defined
by

µ(M) ≡ Sign X

8
(mod 2),

and there is a formula

λ(M) ≡ µ(M) (mod 2).

Namely, λ(M) is an integral lift of Rohlin invariant µ(M).
On the face of things, the definitions of Casson invariant and Rohlin

invariant looks very different: one is come from the flat SU(2) connec-
tions, and the another one is from 4-dimensional. But some relations
between Casson invariant and the signature of 4-manifolds are known.
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Here are such two examples as follows. Let V (a1, . . . , an) be the Milnor
fiber of the Seifert homology 3-sphere Σ(a1, . . . , an), then

−Sign V (a1, . . . , an)

8
= λ(Σ(a1, . . . , an))

([7],[8]). The another example is about Ohta’s invariant τ(M) (preprint).
He constructed some oriented compact smooth 4-manifold N with
boundary ∂N ∼= M in the moduli space of anti-self dual connections
on some principal SU(2) bundle P → M × S1, and proved that N is
spin and

τ(M) = −Sign N

8
is an topological invariant of M . Hence, one can see that

τ(M) ≡ µ(M) (mod 2).

It is unknown if τ(M) = λ(M).
As mentioned above, this report gives some topological construction

of Casson invariant by using the configuration spaces of 3-manifolds.
This results depends on the work by Kuperberg-Thurston [11] that re-
late our invariant to Casson invariant. Our construction corresponds
to the first non-trivial term of their invariant. In [11], they gave a
purely topological definition of the perturbative quantum invariants
of links and 3-manifolds. Ordinally, this kind of work for the defini-
tion of the perturbative quantum invariants of 3-manifolds and links
is by Kontsevich [10]. The related works, which uses the configura-
tion spaces, was given by Axelrod-Singer [2, 3], Bott-Taubes [6], later
by Bott-Cattaneo [4, 5], and Kuperberg-Thurston.

2. Configuration space of points and Gauss map

Two point configuration space C2(X) of a space X is defined by

C2(X) = {(x, y) | x, y ∈ X, x 6= y}.
2.1. Euclidean space. Let

ϕR3 : C2(R3) → S2

be the map defined by

ϕR3(x, y) =
y − x

‖y − x‖
for (x, y) ∈ C2(R3) which is called Gauss map. There exists a homeo-
morphism

C2(R3) ∼= R3 × (0,∞)× S2, (x, y) 7→ (z, r, v)
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by the corresponding

z =
x + y

2
, r =

‖y − x‖
2

, v = ϕR3(x, y).

Immediately, the pre-image ϕR3
−1(v) of a point v ∈ S2 is contractible.

In particular, its signature is zero. As we will see later (Theorem2),
this vanishing corresponds to the fact λ(S3) = 0.

2.2. The map ϕf : ∂C2(M̂) → S2. We compactify C2(M̂) by the
method of Bott-Taubes’s paper. In this subsection, we construct a
“partial Gauss map” ϕf : U → S2, where U is a complement of a cer-

tain compact subset of C2(M̂) by using some additional data f . By the

definition of the compactification of C2(M̂), ϕf defined on U naturally

extends to ∂C2(M̂).

Let M be an oriented closed homology 3-sphere and set M̂ = M#R3.
Let f : TM̂ → M̂ ×R3 be a framing of TM̂ . In this report, we always
assume that any framing of TM̂ is compatible with Euclidean framing
fR3 over the complement of some compact subset of M̂ . Now, we define
a map ϕf : U → S2 as follows, where U = U1 ∪ U2 ∪ U3. Each Ui is
defined in later three cases.

2.2.1. Two points are very close. First, let

U1 = {(x, y) ∈ C2(M̂) | d(x, y) < ε},

where d is a metric of M̂ and ε > 0 is small enough. Suppose (x, y) ∈
U1. Then we can define the “direction” ϕf (x, y) ∈ S2 from x to y by
using f .

2.2.2. one point is in the end of M̂ . Suppose that M̂ is obtained by
connecting a 3-disk Dp ⊂ M around p ∈ M and D3 ⊂ R3 around 0.

Let V ⊂ M̂ be the open subset corresponding to M \Dp, and W ⊂ M̂
corresponding R3 \D3. Let

U2 = (V ×W ) ∪ (W ∪ V ).

We assume that f is coincides with fR3 on some open set including the
closure of W .

If x ∈ V and y ∈ W , then define ϕf (x, y) = y. Note that this
definition makes sense, because we can think y as a point in R3. Also
define ϕf (y, x) = −y.
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2.2.3. Both two points in the end. Let

U3 = C2(W ),

and suppose (x, y) ∈ U3. In this case, we define

ϕf (x, y) =
y − x

‖y − x‖ .

2.3. TEST. What we see in this subsection is how we get an invari-
ant of (M, f) which is an integral lift of Rohlin invariant under the
assumption of the existence of a map

ϕ̃f : C2(M̂) → S2

such that ϕ̃f |∂C2(M̂) = ϕf .

Suppose (M, f) satisfies the above assumption. Taking a regular
value v ∈ S2 of ϕ̃f , set

Xf = ϕ̃−1
f (v).

Then Xf is an oriented compact smooth 4-manifold satisfying

(1) ∂Xf
∼= M#M#(−M),

(2) Xf is spin,
(3) the signature σf of Xf depends only on (M, f).

The property (1) is from the definition of ϕf . Since the normal bundle

of Xf ⊂ C2(M̂) and the tangent bundle TC2(M̂) are spin, Xf is also
spin, so we have (2). Another manifold Xf

′ come from another map

ϕ̃′f : C2(M̂) → S2 is cobordant to Xf relative to the boundary, hence.
Consequently, σf is an invariant of a pair (M, f), and we obtain (3).
By the definition of Rohlin invariant, one can see

σf

8
≡ µ(M) (mod 2).

Therefore, we get an integral lift σf/8 of Rohlin invariant.

3. Two numbers df and σf

In this section, we define two integers df and σf used to define the
invariant I(M).

Let
C̄2(M̂, f) = S2 ∪ϕf

C2(M̂)

be the attaching space by the map ϕf : ∂C2(M̂) → S2. Using the long

exact sequence of (C̄2(M̂, f), S2), we have an isomorphism

Hk(C̄2(M̂, f);Z) ∼=
{
Z, if k = 0, 2, 4, 6

0, otherwise.
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The following lemma define the integer df , this definition is similar
to the cohomological definition of the Hopf invariant(c.f. [9]).

Lemma 3.1. There exists a graded ring isomorphism

H∗(C̄2(M̂, f);Z) ∼= Z[a, b]/(a2 − dfb, b
2)

for some integer df , where deg a = 2, deg b = 4.

This number df is nothing but the Casson invariant for the framed
3-manifold ([11]).

Let LS2 → S2 be a complex line bundle with Euler number 1, and
sS2 a generic section. We can assume that sS2

−1(0) consists just one

point. Set Lf = ϕf
∗LS2 , sf = ϕf

∗sS2 . Then sf : ∂C2(M̂) → Lf is
a generic section, and sf

−1(0) ∼= M#M#(−M). Since the inclusion

∂C2(M̂) ↪→ C2(M̂) induces an isomorphism on H2, there exists only

one isomorphism class of a complex line bundle L̃f → C2(M̂) such that

L̃f |∂C2(M̂) = Lf .

Lf −−−→ L̃fy
y

∂C2(M̂) −−−→ C2(M̂)

Let s̃f : C2(M̂) → L̃f be a generic section such that s̃f |∂C2(M̂) = sf .
Let

Xf = s̃−1
f (0),

then Xf is an oriented compact smooth 4-manifold with boundary
∂Xf

∼= M#M#(−M). Define

σf = Sign Xf .

Another choices s̃′f give the save value of σf , because a generic homo-
topy between s̃f and s̃′f gives a cobordism between Xf and X ′

f .

Definition 3.2.

I(M) =
df − σf

8
I(M, f) = (I(M), df )

4. Statements and Examples

Let (M, f) be an oriented closed homology 3-sphere with a framing

of TM̂ . Let I(M) be the number defined in Definition 3.2.

Theorem 1 ([14]). I(M) is a Z-valued topological invariant of M , and
it equals to Casson invariant of M .

Now, we see some examples of the calculations of I(M) and I(M, f).
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4.1. Case of M = S3 with Euclidean framing. Let M = S3, then
M̂ = R3. Let fR3 be the Euclidean framing on TR3, and we have
ϕfR3

= ϕR3 .

One can take the line bundle L̃fR3
→ C2(M̂) as the pull-back bundle

ϕfR3
∗LS2 , and the pull-back section

s̃fR3
= ϕ∗R3sS2 : C2(M̂) → L̃fR3

is generic. If v = s−1
S2 (0), then we have

XfR3
= s̃−1

fR3
(0) = ϕ−1

R3 (v) ∼= R4,

and so, we obtain σfR3
= 0.

Since C̄2(R3) ∼= S4 × S2, we have the ring isomorphism

H∗(C̄2(M̂, f);Z) ∼= R0,

this implies dfR3
= 0. Therefore, we have

I(S3) =
dfR3

− σfR3

8
=

0− 0

8
= 0

and

I(S3, fR3) = (I(M), dfR3
) = (0, 0).

4.2. Case of M = S3 with any framings. Let f be an any framing
of R3 which is always obtained by f = gfR3 for some compact sup-
ported map g : R3 → SO(3). Any framings on R3 are classified by the
degree deg g ∈ Z of the induced homomorphism g∗ : H3

c (SO(3);Z) →
H3

c (R3;Z).

Let n = deg g. The map ϕf : ∂C2(M̂) ∼= S3 × S2 → S2 essentially
equals to the evaluation map evg as follows:

evg : S3 × S2 → S2, (x, v) 7→ g(x)v

Therefore, we have C̄2(M̂, f) ∼= S(En), where π : En → S4 is a real vec-
tor bundle with 〈[S4], p1(En)〉 = 4n and S(En) the associated sphere
bundle. Calculating the characteristic classes of TS(En) and π∗En([13]),
we obtain that df = n and σf = n. This implies that

I(S3, f) = (
df − σf

8
, df ) = (0, n),

and of course, we obtain I(S3) = 0 again.
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4.3. Connected sum. Let (M1, f1), (M2, f2) be framed manifolds.

Set M = M1#M2, f = f1#f2. Let us think M̂1 = M1#R1, M̂2 =
M2#R2, where

R1 = {(x1, x2, x3) | x1 < 0}, R2 = {(x1, x2, x3) | x1 > 0},

and each fi is a faming over M̂1 compatible with the Euclidean framing
on the end. Moreover, we suppose that M̂i is the connected sum at
around a point in Mi and around (±R, 0, 0) ∈ Ri for some large number

R À 1. Then we can take M̂ as

M̂1 ∪ V ∪ M̂2

such that the M1-part and M2-part in M̂ are very far each other, where
V = (−1, 1)× R2.

Next, we will construct ϕf : ∂C2(M̂) → S2. Define a map

ϕij : (V ∪ M̂i)× (V ∪ M̂j) \∆ → S2

as follows (i, j = 1, 2, i 6= j). Let h : M̂ → R3 be the map obtained by
collapsing each Mi-part to (±R, 0, 0). Then ϕij(x, y) is defined by

ϕij(x, y) =
h(y)− h(x)

‖h(y)− h(x)‖ .

Let ϕ̃fi
: C2(Mi) → CP 3 be the classifying map of L̃fi

. Let ϕ̃f : C2(M̂) →
CP 3 be an extension map of ϕ̃f obtained from ϕ̃f1 , ϕ̃f2 and ϕij. Note
that any two such maps are coincide on these common domain. Let
CP 2′ ⊂ CP 3 be a submanifold homologous to CP 2 that transversally
intersect with CP 1 ∼= S2 at one point v = (1, 0, 0) ∈ S2. There ex-
ists a generic section of the complex line bundle LCP 3 → CP 3 with

c1(LCP 3) = 1 such that the pre-image of zero is CP 2′. Hence

Xf = ϕf (CP 2′) ∼= Xf1]Xf2 ,

this means σf = σf1 +σf2 . And also it is easy to see that df = df1 +df2 .
Therefore, we obtain the following:

Proposition 4.1.

I(M, f) = I(M1, f1) + I(M2, f2)

I(M) = I(M1) + I(M2)
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4.4. Opposite orientation. Let M ′ be M with the opposite orienta-
tion, and let f ′ = (−f1, f2, f3) where f = (f1, f2, f3). By the definition
of df and σf , we have

df ′ = −df , σf ′ = −σf .

This implies that

Proposition 4.2.

I(M ′, f ′) = −I(M, f)

I(M ′) = −I(M)

5. Outline of proof

5.1. Integrality of I(M). Since Ωspin
5 (S2) = 0([15]), there exists an

oriented compact smooth spin 6-manifold Z with a complex line bundle
LZ → Z such that

∂Z = ∂C2(M̂), LZ |∂C2(M̂) = Lf

and the image of the classifying map of LZ is contained in S2. Let

W = C2(M̂) ∪∂C2(M̂) Z, LW = L̃f ∪Lf
LZ → W.

Then, (W,LW ) is an oriented closed smooth spin 6-manifold with a
complex line bundle. Applying the index theorem to (W,LW ), one can
see that the integral ∫

W

ch(LW )Â(TW )

is an integer(c.f. [12]). Here, ch is the Chern character and Â is the

Â-genus. This value equals to

I(M)− Sign XZ

8
,

where XZ is the pre-image of 0 of a generic section, which is an ex-
tension of sf of Lf , of LZ . Since XZ is spin and ∂XZ is a homology
3-sphere, we have Sign XZ ≡ 0 (mod 8). Therefore, we obtain the
following proposition.

Proposition 5.1. The number I(M) is an integer.
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5.2. Topological invariance of I(M). Let f , f ′ be framings of TM̂ .

f ′ can be represented by f ′ = gf for some g : M̂ → SO(3). Then
(M, f ′) ∼= (M#S3, f#gfR3). According to Proposition 4.1,

I(M, f ′) = I(M, f) + I(S3, gfR3) = I(M, f) + (0, deg g).

In other words,

df ′ = df + deg g, σf ′ = σf + deg g.

In particular, I(M) does not depend on f . Therefore

Proposition 5.2. I(M) is an topological invariant of M .

5.3. Casson invariant. Kuperberg-Thurston showed that some value
Ĩ1(M) is Casson invariant by using the theory of finite type invariants
of homology 3-spheres in their paper [11]. The invariant Ĩ(M) is con-
structed as follows. First, define

I1(M) =
1

6
〈C̄2(M̂, f), c1(Lf )

3〉,

δ1(M) =
1

24
〈Xf , p1(TC2(M̂)|Xf

)〉.
And then I(M) is defined by

Ĩ1(M) = I1(M)− δ1(M).

Calculating characteristic classes, we have the following proposition.

Proposition 5.3. Ĩ1(M) = I(M).

By Proposition 5.3, we obtain Theorem 1. To prove that I(M) is a
Z-valued topological invariant, one only need Proposition 5.1,5.2.

6. Casson invariant as a signature

By § 5.2, we obtain the following proposition.

Proposition 6.1. There exists only one framing fM of TM̂ such that
dfM

= 0.

Therefore, we have

I(M) =
dfM

− σfM

8
= −σfM

8
.

Theorem 2.

λ(M) = −σfM

8
.
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