ON THE KHOVANOV INVARIANT FOR LINKS

NORIHISA TESHIGAWARA

ABSTRACT. In 1999, M. Khovanov constructed an invariant of oriented links.
It is a family of (co)homology groups whose graded Euler characteristic is the
Jones polynomial. Though his definition is algebraically very complicated, O. Viro
simplified it in 2002. In this talk, I will introduce the Khovanov invariant defined
by O. Viro and report its related topics.

1. THE KHOVANOV INVARIANT DEFINED BY O. VIRO

Definition 1. Let D be a diagram of a link in S3. We exchange a neighborhood of
each crossing point of D for either of the following two pictures on the right side. It

is called a Kauffman state or a state of D for short that the disjoint circle(s) given
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by exchanges like this.

Example 1. The states of the left diagram are like these.
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Definition 2. Let s be a state of D. If we assign a plus or minus sign to each circle

of s, it is called an enhanced Kauffman state or an enhanced state of D or s for short.

From now on, we assume that links are oriented and crossing points of each

diagram are enumerated by natural numbers 1,2,--- , n.

Definition 3. Define w(D) := #{ X} —#{ >} and o(s) := #{<~) (}_#{\/\HX}'
Let 7(S) be the summation of the signs given to the circles of an enhanced state S.
Then,

Khovanov chain complices

Definition 4. We call the following three free abelian group a Khovanov chain

group respectively.

C(D) == {> a;Si|a; € Z, S, : an enhanced state of D },
CY(D) := {(l; € C(D)|G =Y S, i(S) =i},

CH(D) = {0 € CUD)IG = S asii() =5},

Definition 5. A homomorphism 0 : C(D) — C(D) is defined as below by the
incidence numuber (S, S,,). (S, Sm € C(D).)

00O " aS) =Y aiS: Sn)Sm

lm

(=1)" ((S1,Sim) satisfys Condition 1,2)
(S1: Sm) = .
0 (otherw1se)
Condition 1. Only at one crossing point of D (Let it have number k), the
smoothings of S; and S, differ and at this crossing point the smoothing of .S; is 0,
while the smoothing of S, is 1.

Condition 2. The common circles of S; and S, have the same signs, and on the
signs of the circles of S;, S,, adjacent to the kth crossing point, they satisfy one of

the situations in the next page.
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t is the number of 1-smoothings in S; numerated with numbers greater than k.
Lemma. 0'7'7 0 9% = (.
Notation. H* (D) := Kerd /Imd

Definition 6. Let L be an oriented link in S® and let D be a diagram of L.

(1) The isomorphism class of H*/(D) is called the Khovanov homology of L and is

denoted by H™(L).

(2)Kh(L)(t,q) :== > t'q’ rank H*(D). The polynomial is called the Khovanov poly-
ijez

nomial of L.

Theorem. Kh(L)(—1,q) := J(L)(q).

(J(L)(q) is a version of the Jones polynomial such that < ) >=1.)

2. RELATED TOPICS

- A categorification of the Kauffman bracket skein module

FZmEfhdenizihm, [ Z8AXEE § 5, M. M. Asaeda. J. H. Przytycki,
A. S. Sikora 3 KDL FEHBIZET. O. Viro 12 & % Khovanov homology D EFs % %L1
Pl &Y F x 1T % Kauffman bracket skein module @ categorification (2%
NLIzkHTH S,

* The Khovanov polynomials for the links with trivial Jones polynomials

&2 H D Jones ZIATAS trivial TH 5 1%, HBZLHE A H D Jones ZIHA & —
KT L2 THbET 5L, M Thistlethwaite 73, 2001 £E1C Jones ZIETUAY trivial
1725 KO IEATRWEAE OH%Z2 3 O5FFE Lz, 6 D Khovanov ZIHA %
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A. Shumakovitch 2WER L 72 KhoHo % W TEHET A 2 L k7=, 322 8. H
WCE 7 5 non-trivial 72 AN S,

A categorification of the HOMFLY polynomial

P. Ozsvéath, Z. Szabé 23#RK L 7= knot Floer homology (&, #RK AT R < R D
@ 7273 Khovanov homology & 3EFICEZME ZRi> T b, BIZAIE. HL4 4T —
R % 0L 5 & Khovanov homology Tl& Jones ZIHZ & —E( T 5 D 72A3, knot Floer
homology Tl& Alexander ZTHIN & —H(T 5, F/3UETCHICEL T
Khovanov homology(® Z > 7 ) I& Jones ZIHK & fE O H O SR CTHE T E L DI
% L. knot Floer homology |% Alexander ZIH L $E O H OFF B THRETE S, 2
D7z, P. Ozsvéth, Z. Szabé DFRLICHWT Mo —bEE 2 5 DT B R
ZETHDL) O EREIR SN T,

Z LT, & M. Khovanov & L. Rozansky IC & 23T, ZHICIEHISTWE D
EHERL 72 £ W9 preprint 23R SNz, BAKAIICIE, n Y2 OB§IC Jones ZZIAR,
n 780 ORI Alexander ZIHI & 72 % & 9 12 specialize L 72 1 2% HOMFLY 215
I 5 categorification 247> Ty 5,
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