Delta-unknotting numbers and
the Conway polynomials of knots
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knot @ Conway ZIHHRNIZL, EEIEDY 1 THER D AIZIEFZDRE%
bOLWIREDH 5. F7, EBOHD 1 THEER D RITIEFE DRI
ZHO%IHAUTHOWT, TN%E Conway ZIHA & LT3 D unknotting
number 1 @ knot DFELIZ L CHSEN TV 2, I 51, 2 ROFEZ
A-unknotting number & 9 % knot DH#EA Hitoshi Murakami 12 X D
“Delta-unknotting number and the Conway polynomial” (Kobe J. Math.
10 (1993), 17-22) T, 26N TWw5b. Z9 LAEROIEERE LT, EH
JHHS 1 T 2 ROBBSIETZNZ NS0 B L) Zen HOLIHEAITH L T,
Zi 5% Conway ZJHIL & L, unknotting number 2% 1 ¢ A-unknotting
number 25 2 XOREUC—F L, T 51T, 215D knot D H b DEFED 2
22 DWTD A-Gordian distance 232 XDREDAEE 725 L9 72, n
D knot DRz 52 5.
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1 Preliminary

Theorem 1.1 ([3, Louis H. Kauffman]). p components @ link L 1Z
DWT, RD 2 Fffz A7,

(1) p—2>m Z2HA7%T mIZO2VWT, a,(L)=0ThH5.
(2) p EEFZFELLCTE mIZOWT, a,(L)=0ThH5.
FRIZ, L 2% knot DL ElE, ap(L)=1TdhH 5.

Definition 1.2 ([6, H. Murakami and Y. Nakanishi]). XIXT/R &
15 knot diagram D local move % A-unknotting operation &> .

-----------
......

~

.
--------------

Theorem 1.3 ([6]). fEED knot |, ARFEID A-unknotting operation
Zhid Z &I & T trivial knot 1272 % .

Corollary 1.4. fEE®D 2 DD knots K, K' I22WT, K &, GRMR®D
A-unknotting operation ZHidT Z LIZXk>T, K/ 1272 5.

Definition 1.5. knot K @ A-unknotting number & 1%, K % trivial knot
129 % DIZE T A-unknotting operation DH/NDIAIEZ W), Tk
up(K) EERT.



Definition 1.6. knot K 7*6 knot K' ~® A-Gordian distance &3, K
Z K' 12T 2 DI A-unknotting operation Di/NDBIEZ W9 . Z
hz da(K,K') L£7.

Theorem 1.7 ([7, M. Okada]). 2 2D knot K,K' % d5(K,K') = 1
ERDBEIBLDETHLEE,

las(K) — as(K")| = 1.

Corollary 1.8 ([7]). fEED 2 2D knot K & K'IZW LT, d5(K,K')—
laa(K) — ao(K")| BIFADMEETH 5.
L7eh3> T, uB(K) — |ax(K)| b £ FAOMETH 5.



2 Construction of knot
for the Conway polynomial

Theorem 1.1 £ D, knot K @ Conway %= 1%
1+ ae2® + agz* + -+ agnz®™ (m €N, a; €Z)

THRINDD, I DX I ICRINBAERDOLHEAICKH LT, ZD%IH
A% Conway ZHAE LTH DL % knot BWEET 2 2 LRI NT
W3,

Theorem 2.1 ([5, H. Murakami]). fEEDZLIHK

fR)=1+b122+ b2+ +b,22" (neN,b; €Z) ITNHLT, 0, #40 D
EEIF, ur(K)=|by| 22D Vi(2)=f(2) £%25 K28, b, =0 D& ZF,
ur(K) =252 Vk(2) = f(2) %2 K BFET 5.

COREHICH 720, AT D X 9 7% knot 22T 5

DN . Y

Y/\ 1 — full twist :-: \C\J’\//\ooo\//\

t— full twists

: Ki(tth;t?n e 7tn)

vKi(htzts 1:*:21,‘—1- :l:t( )



3 Main Theorem
AT D X9 7% knot 2% 2 5.
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Z D knot %

K:l:<t017 (t127 t137 e 7t1n1>7 (t227 t237 Tt 7t2n2)7 Ty (tm27 tm37 e 7tmnm))

ERTILILT S,
Z D knot @ Conway ZHAZGHET 5 &,

VKL (tor,(t1at1,st1ny ), (ba9:t25,stany )oos (st o )
1

= (o + )t (5 6 D) 4t ()
j i=

£ 5.
CDRERD S, XD X 9 % Theorem PPEZHINS.
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Theorem 3.1. fEED m D% IEK
Vi(2) =1+ 2% + s122" + - 4 51,22,
Vo(2) = 14 222 + sp92t + -+ + 595,222,

Vi(2) =14 52% + sjpet + -+ + 55,22,

Vim(z) =14+ mz? + szt + -+ s, 2% (s5€7Z)
N LT, RD 3 5% 72T knots Ky, Ky, -+, K,,, ’FET 5.

(1) Vi, (2) = V;(2),

(2) uB(K;) = j,

(3) dg(K;, Ky)=1j—j'|.

Proof. | :=max{ly,la, -, l,} £ L,
1<7j<m Iz2 W T,

Sjk = 0 (lj < ]{ISZ)

9 5.
ZOEE UMD 2502 K, Ky, -+, K,,, Pl £ 72 %

(a) Ky=K_(0,((=D)sia—1, (=1)%s13=1, -+, (=1)"Zs10-1)—1, (=1)"""s0)).

(0) Kj=K_(0,(x1), (*2), -, (x;))
=Kjr1 = K_(0, (1), (x2), -, (%)),
((sj2 = s+12) — 1, = (853 — s1y3) — 1,
s (DN (s50-0 =8¢+ -1) =1 (=1 (=5 +10)))-
FIZEDRER LD,
ton =1, tis = (—1)s12 — 1, t13 = (—1)%s13 — 1,

o tieny = (1) P sion) = 1t = (=1 sy
h>1 122\,

thrz = (—1)%(sh2 — Sgr1)2) — 1, tranys = (—1)%(sn3 — S(hg1)s — 1)5 -+,

thrny—1) = (=17 sha1) = Stana—1)) — L, taen = (= 1) (sn — Sty
EEL L,

Vi) = 1+ (tn+ 1) = (i(tu F1)(=) 4 tu<—z2>l)

=2
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= 1+ (0+1)2

-1

- (Z«(_l)ils” —D+1(=2") + (—1)”811(—z2)l>
=2

= 1+Z2+81224+"'+51122l

(sie=0 (I, <k<l) &D)

= 1422+ 592  + -+ 5y, 27
Vi, (2) =1+ j22 +sjpzt + -+ 55,20 TH D ERET 5.
Vi (2) = 1+ (ton + (5 +1))2°

J+1

B Z (l 1 tm_'_ 1 ( )i—i-thl(_zz)l)
= 1+ (to1 +J)2 i (Zl (thi + 1)(=2)" + thl(_zz)l>
+2° — (Z(t(jJrl)i +1)(=2%)"+ t(j+1)l(—22)l>

i=2
-1
= Vi, (2) +2° =D (tga + 1)(=2°)" = tpn(—2")
1=2
= 14722 +s502" +--- + Sjljz2lj
-1
+2 = ((=1)"(s50 = sg+1i) — 1) + 1) (=27’
=2

(=) (551 = s(1) (=27)'
(Sjk =0 (lj < kgl) & j‘%o)f,)

= 1422+ 8502+ + 527
-1
+22 = (1) (55 = 5G40 (=27
i=2

~(=1)'(sj1 = s+n) (—2°)

= 1+ + 122+ sgz’ +- -+ 52
(sg+e =0 (1 <k<l) &0

= 14+ 12+ sgenez’ + -+ S 20t

21
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tn =0DEEEFEZTVLDT, K; ICZOHMFEEBEDIEL TLITIE
fitif& A-unknotting operation % j IEHT') Z & T, trivial knot 1272 5.
£-oT,

u®(K;)<j.

%7z, Corollary 1.8 £ D, v(K;) — aa(K;) T%bBE u?(K;) — j 13FE
BHOMBETH 5. Lo T,

w21,
u(Kj) = .
I6IC, da (K, Ky) < |j —j'| EIRET % &,
j<j &LT,

u(K;) +dg (K, Ky) < j+1i— 5l =J'
R, ut(K;) + d5 (K, Kj)>u? (Kj) =
% 72, knot DRERDIETT D5 d5 (K, Ky
J>j DEZBEAKRTD 3.
w21

J'
)=j TH5HIEIZFE.
)<i' =i=1i-Jl

da (K, Ky) = |j — 7).



RIZ, LAFD XK 9 7 knot ZE 2 5.
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Corollary 3.2. Vp:(2) =1 % 513,

VKj_f(tm,(tlg,tlg,m,tlnl )s(t22,t23,+ tang )y (Bm2stm3, s tmnm )
:1¢mn+mp%ti<E§@ﬁ+npa%tuwx—£wﬂ.
Fhbb, o

VKi(tol,(t127t13,~-~,t1n1 )s(t22,t23, tang )y (bm2stm3, s tmnm )

= vKi(tOI7(t127t137"'7t1n1)7(t227t237"'7t2n2)7"'7(tm27tm37'“7tmnm))'

1]

2]

[5]

[6]

[7]
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