A proof of the LMO conjecture
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1 Introduction

4 N
Theorem 1.1 (LMO(Le, J. Murakami, Ohtsuki) conjecture, BGRT(1997) or Le’s(?)

theorem) G % HUHFS HIfl Lie B, g Z G @ Lie algebra & 7%, ZDL &,

TP (My) = |Hi (Mg Z)|7*+ Wy (Z"MO (M) |

eh=q

4%, g: semi-simple Lie algebra.

TPO(M) = [Hi(M; Z)| 7 Wo(ZPMO (M) ey, (M € QHS).

quantum G(g) invariant

Habiro-Le theorent

(M € ZHS)

S
path integral perturbative G invarant

LMO invariant

gk LoERL
g=sl, D& E, T.OhtsukilZ Xk,

2 Lie algebraMi€E

4 ™
Definition 2.1 g: finite dimensional Lie algebra /R or C & 1%, g23R(C) Lo~xX7
FOVZER]C, DA OME % 72§ bilinear form[ , |: g®g — g WWEET S T L.

{[y,l‘] :_[I7y]

[z,9], 2] =2, [y, 2]] = [y, [, 2]




X7 PVERVIZHL, End(V) I, [f,g](v) = fog(v)—gof(v), (veV, f,g € End(V))
EED DT LITXD, Lie algebra & &7+ 5. Lie algebra D&RELE 1, g5 End(V) ~

®D Lie algebra & L T OHER M
p: g — End(V)

Thsb, D%, pli, WEEHRgeg— End(V)THD, [, ]%
p([z,y]) = p(x)p(y) — p(y)p(x) = [p(x), p(y)], (z,y € g)
DX H IR,

Example 2.2 (FifEZRE)
[EHE I N7z x € gl LT,

ad(z): g >y [r,y] € End(g)
I Lie algebra M2,

LIF, g2 C EOXZ PAVERET S, gB3GRXILEDT, dimg =n EFEANUL,

ALDOBfEERB%E ad: g — End(g) = gl(n,C) L AR T I LD TE S,

[
Definition 2.3 (Cartan-Killing form)
symmetric bilinear form

Bg: g x g3 (z,y) — Tr(ad(z)ad(y)) € C

\mg DIEEDOWY STIZ L STEE S, By(z,y) % (2,y) Ll

~

Remark 2.4 g: semi-simple Lie algebra = Bg: non-degenerate.

semi-simple Lie algebra g IZX%f L °C, Cartan subalgebra h C g 23AM %2 FR\v>C—ENIZ

EE 5. aeh*=Home(g,C) TR LT,

go ={z € g; [h,2] = a(h)z (h € b)}

EED D,
9=b®(6@%)
acd
% root decomposition &ML, & % root EWES, N € hITHL T,

0 (y €h)

m@ﬂm=L&M:{(Aaw (Y € 8a)

DL D VLD, positive oot &, = {a >0} ITRLT, p= %Za £9 5%,

a>0



Remark 2.5 a € ® 12X 567, dimg, D —ETH 5.

Example 2.6

c d

H:<1 0 )7E:<0 1)7F:<0 0)
0 —1 0 0 10
Thh, h=CH 725,
glICBIL T, Tm(g) = g% LED, T v I NMRE%
P 1)
m=0

ET5. KL, T%g)=C T 5. gD 6% 2IERHLIHABRZ L B> TRY, gD
TUYYMEE, XY -Y X -[X,Y], (X,)Y cg) THEEINLEAL T 7N THl- B

512@:{A: ( ¢ b);a,b,c,dé@, Tr(A):aer:O}:(CH@(CE@(CF

&%, TKEL,

Ug) :éTm(g)/XQZ)Y—Y@X— X,Y]

m=0
% univesal enveloping algebra & FESS,
Remark 2.7 (i)
A: associative alegebra %, [z,y] =2y —yz, (v,y € A) EEF L T, Lie algebara & &7
9. fEED Lie algebra & L COHERA f: g - AWK LT, UTOXXZ AL § 2 i
F g U(g) — A DEBZROT—BNICEET S, 727201, g— U(g) FARLRED
A,

3 Chord diagram

4 ™
Definition 3.1 Chord diagram %z B ICK>, Q LD~ F)LZEH % AS,THX,STU
D 3 OO relation TH| - 72 Z=[i] %

A(S") = spang {CD}/AS, IHX, STU

LED D,
\_




1: Chord diagram Dl

. Ty T ’,y
[y, 2] [, y]
[y,l‘] :—[Ilf,y]

2: AS

BEb SUITEMMTERL, vertexe IZAMET AL H 5.

Remark 3.2 deg(D) = ﬁver;ices Zhix T2 L, ASH) IZABRIEAY PR LA S,

Remark 3.3 STU relation i p=ad £ 5% &, THX Ik 5,

Definition 3.4
A(¢p) = spang{3-valent graphs}/AS, THX.

B = spang{1, 3-valent graphs}/AS, IHX.

The symmetrization map

Y: B> A(SY
ZH6DE)ICED B,



@ e @ .
5 @ et )
«"‘»
T Yy z T Yy ‘ z x Yy z
Q @
® = o - ®

[z, 9l 2] = [, ly, 2] = [y, [, 2]
3: THX

p([z,y]) = p(x)p(y) — p(y)p(x)
4: STU



5: 3-valent graph, 1, 3-valent graph Dl

6: x: B— A(S') DER



Example 3.5 STU relation Z >,

X ‘;N__‘:j - 2
-5()-
=3 = _

D=0p:B>D' =Y (D, D'etsb¥3)cB

D,D' € BIZHtL T,

EED D, “BOEIIE, legsof D=m,legsof D'=n &35, P, =], (n—k+1)
WD b5,

Example 3.6
T T
sgloneliloRe}
Q
e Ty x
— ot = 1222 E X,
dz?

Definition 3.7 D, D' € BIZN LT, XPEHXETE 3,

OpD" (4 legs of D = 4 legs of D’),
0 (otherwise).

(D, D) = {

Remark 3.8 (D, D') 12 0pD'|,mg #7372 H D,

4 Kontsevich integral

~
Definition 4.1 Morse knot K C R?* =R, x C, DAEE E L T,
_ > 1 ™ odz: — dz
WY [ X o AR
m=0 airings =1 J J
e P={(z1. ) ’
DEF 5.
N J




Rtl

tmax
te,

2

te,

ty

w

C.
¥ 7. K & Dp

te; & critical point.

K |P=1
8:Dp/
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SN |
te 1l
tmin__ ’
Itmin Itcl ItCQ Itmax

9: BT HIPH

Remark 4.2

T, Z(K) EAEICES W,

1-term relation

% chord diagram IZ A#1 %,

iND AV RYASIO NS



EBWVT,

Definition 4.3 (Kontsevich integral)
Morse knot K C R?® = R; x C, %3 critical point Z ¢(K) flilff> & &,

(K)l/cg()

Z(K) = € A(S")/1-term

I

DEZE 5.
-

Chord diagram

@:

EBL.

exp IZ DWW T

L LT AS) 1% AL

Definition 4.4 (The integer framed version of Kontsevich integral)
K 7% integer framed knot, with framing f £ % & &,

Z(K) = Z(K) exp (g@).

DIEE D,
N

Remark 4.5

Example 4.6

)0<t<1EBRBLIIHLT,
z = exp(mit), 2’ = exp(mwit + 1)

12



EBE,
dz = miexp(mwit)dt, dz’ = wiexp(wit + 7i)dt

¥

z

O

Z/

N A RYASN

1
/ (i)™ dty A -+ A dt }mZIK
(2mi)™ 0<t) <+ <tm<1

“(r [, o) (H)OX0

0<t1 < <tm<1

“p(H)"0X)

LR BDT, KA EAS. ]

Z(K)=vZ(K) e A(SY)
l¥ Knot invariant 1272 %, v I& Kirby move THZIZ7% 5,

5 LMO invariant

G % Wi it Liefif & L, g% Z @D Lie algebra £ 9%, V), %, dominant integral weight
A 12 X o T prametrize 417z, g ? finite dimensional irreducible representation &9 %,

BICki%
Dl . D2 - Dl L D2

EEALT, BMEEZ ANLS, 72, the formal PBW linear isomorphism %

oc=x"": ASY - B

13



£ 9%, fEED integer framed knot K, with framing f (2%} LT, & % trivalent graph
Y € B (f 3-valent> 1) 23F7E L C,

0Z(K) = exp (gr\) k%

&%,

Definition 5.1 (The formal Gaussian integral of the Kontsevich integral)
FG 1
/ oZ(K) = <expLI (—ﬁ/‘\),Y>.

4 I
Definition 5.2 (LMO invariant) K % framing f @ framed knot & § 5. My % K IZ
i > T surgery L T+ 5415 rational homology 3-sphere &9 5% & &,

J

ZLMO (MK) —

LIED D,
\_

Remark 5.3 #iGiz,
(1+a)t=1-a+a*—a*+---

TEHET 5.

; N
Theorem 5.4 (T. T. Q. Le) K % framing f @ framed knot & L, My % K IZih>T
surgery L T35 415 rational homology 3-sphere & 4. framing 0 D K & [A] U knot
ZEKytBL., ZOLE, P9 Mg) ZRATHONS,

Lq%w [](1 - g e 3 Cs2im(2] — DI <_W>jhn—j.
W] o f

a>0 BEY,n€Zx
2|®4|<2j<n+2|P4 |

7L, (QQ(KO)}q:eh)()\ )= pevmery  CagaP VR, F) = (6,0 T

2|® 4 |<2j<n+2(P |

B, W] 1% Weyl BEW ORE, p— %Zwoa <55,
x y

14



Lemma 5.5

ZWMO(11,0) = (9, Q) exp (%9) x / " (Q%Z(K@) exp,, (gr\>

Semi simple Lie algebra g (ZXf L T, symmetric algebra S(g) %

S(g) = éT’”(g)/X@Y—Y@X

m=0

LED, S(g)* % gFHTARZER, S(g) &KL 5. The universal weight system (%
We: B — S(g)°[[A]

LEIFEBRTHD, ZDLE,

Wyooo02(K): A(SY) — B — S(g)%[h]
D, AehiTHLT, Jyy, (K)Id knot DETFALERT,

Javy (K) = Wyo00 0 2(K)(\) x dim Vy
DALY 5. £z,

Qo)) = Ty (K) x g, (O)

EED D,
r:odd prime & L7 & &,

lim

PG(M) —== P4 (M)

o

2m

EED D, F72, the modified Bernoulli numbers by, %A T DORXFHBIEHTERT .
= 1 sinh(z/2)
2m
=~ log [ L))
mzzobg T 5 og( o2 )

15
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DL ZE,
Q = exp, Z bomwom € B

DEX 5.
4 1
Theorem 5.6 (S. Garoufalidis) p = 5 Yoao¥ ELTCEE,
X H sinh _(p,2a) h
Wo((Q,0) = || ——5—
! a>0 Mh

£

EBL.

Lemma 5.7
Wy(0) = 24(p, p)
DIRAL, 72721, (, )% Cartan killing form T 5.

W,(0) % 2 D SETHET 2.
%Z @ 1(Lie algebra & DXIEDIH LT )

C (X,Y)
CN]T 7
g9 XY

1 T
C 1
g [X,Y]

)\ T T

gx 9 X®Y

7272 L, {I,}: orthonormal basis with respect to ( , ).

0 ZLATORD L HIcHLET,
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Y LLeLol
.............................. oo
el

................................................. oo

1

LT,
Wg(e) - Z(Ij> [117 [117 I]H)
= Z(Ij,ad(ll)ad<]7,)]])
= ad(L;)ad(l;) x dimg
= Cqdimg (Coqld A > T —)LIT)

= 24(p, p).
% @ 2(Lemma 5.7 DFEHH)

[1;, 1] 15, 1]

DI ) x (5, 1) x (13, 1)

s

([z.9],2) = (2, ]y, 2])
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DY LDDT, (I, 1) = 0y = 0,1 VB &, 24(p, p &Z (I, 1], x (I, I;) %
(Li, ;) "—%9%. N

Theoerem 1.1 DFEW]
|Hy (M Z)|fﬁ‘b+Wg(2LMO(MK))‘eh:q ZatB LT, Theorem 5.4 DI —E U R,

Lemma 5.5 £ 0,

WQ(ZLMO(MK)>
4 3sign —f . . FG
:Wg(<9a Q>> exp <%Wg(9)) x Wy (/ (Q_laé(Ko)> exp, (gm))
E 5, #571%, Theorem 5.6 & Lemma 5.7 ICX D, e =q, [p|> = (p,p) £ B
T,

sinh Mh 3si
[ ——2—ew (h—SIgn<f ) = Loup, p))

a>0 Mh 48
2
o (pa)
Slnh —2 h(eh 3signéf)ff‘p‘2
a>0 Mh
= q%ﬁ’ﬁ H (1 _ q51gn( )(P,a)) % 1 (_sign(f))ﬁ% O
>0 [Tosolps @) h
Th b,
—77, DD TIE, RO X HIHIHEI NS,
-
Theorem 5.8 (S. Garoufalidis) A T OMAIZA[HLTH 5,
B—% .5
W o n
S(g)®[[h]] — S(g)®[[A]].
D(j¢)

77U, D(j¢) I Duflo AHTH 3.
N /
p € S(9)9[[h]], N € hITRL T, p(\) & evaluate TE,

1

D(j3)p(\) = p(A + p)

18




D3RO,
Z @ Theorem Z 5% &,

W, < / - (7 02(Ko)) exp, (gf\»
:Wg(<expu(_%m),@—lazu«o»)

(- () (et )
() sty )
W'Q)]( DRI ©

(. jj<I>+Ha>O(p7 ) c
—(—fn) —zm( !

z;=0

(W]

Er 5, (o)
(6]

dimV,_, = 2 (N ) =a(\

m vVi—p g (,0,0é) (( ) ( ))
&

Wy(D) = Wy(D) x hi
IR,
tix, 0,0k
Hi(Mg;Z) = fsign(f)

ZEbEUIRYy, 1

[
Definition 5.9 (The Dedekind symbol)
PeQiLT, Qe (L) s ersor sns,

S(—z) = —=S(x)
Sx+1) = S(x)

1
S<]—?> + S(g) . 3sign(pq).
q p q P DPq

N
DL ZE, Lensspace L, D perturbative invariant 23315 CTZ 5.,

19



Corollary 5.10

st) q<02,a> . ()
PG —_ =l T ¢
— 2
T (Lap) =1 | | sign(a)(p.a) —SEn@ )
—_ 2

a>0 94
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