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0. Statement of Main Theorems
WD OHEEIZ RN T 5. @R E Lo EH LT A D2 ODFEEZ RS .

Theorem (Moser [16]; Gordon [8]; Shimozawa [23]) Let K, be the (r,s)-
torus knot in S3, and M = S3(K,.4;p/q) the result of p/q-surgery along K.,
where |pl, ||, |s| > 2 and ¢ # 0. Then there are three cases :

(1) If [p—qrs| # 0, then M is a Seifert fibered space with three singular fibers
of multiplicities |r|,|s| and |p — qrs|. In particular,

(2) if |p — qrs| = 1, then M is the lens space L(p,qr?) (Figure 1).

(3) If [p — qrs| = 0 (p/q = rs), then M is the connected sum of two lens
spaces, L(r, s)EL(s,T).

5 -5

M L(5’ '1)

Figure 1: the result of surgery is a lens space

Notation (1)t — 1)
— =1

ZIT(rs)ldr & sDRRENEZRT. (r,s)=11dr & sDBHWVIZREE W

ITETHS.

Main Theorem 1 Let K, ((r,s) = 1) be a knot in a homology 3-sphere

¥ with its Alezander polynomial A, s(t), and M = ¥(K, s;p/q) the result of

p/q-surgery along K, s where |pl|,|r|,|s| > 2 and ¢ # 0. Then M is of lens

space type if and only if the following (1) and (2) hold.

(1) (p,7) = 1, and (p,5) = 1, and

(2) r =41 (mod p) or s = £1 (mod p) or grs = +1 (mod p).

Theorem (Goda-Teragaito [7]) Let K be a genus 1 knot in S®. If a rational

surgery along K yields a lens space, then K is the trefoil.

A, s(t) =
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Notation A,(t) :=n(t —1)*+t=nt*— 2n— 1)t +n (n #0).

Main Theorem 2 Let K be a knot in a homology 3-sphere ¥ with its Alexan-
der polynomial Ak (t) = A, (t), and M = X(K;p/q) the result of p/q-surgery
along K where |p| > 2 and ¢ # 0. Let d (> 2) be a divisor of p, &4 a primitive
d-th root of unity, g : Z[t,t7']/(t? — 1) — Q(&) a homomorphism such that
VYa(t) = &4, and 7V4(M) the Reidemeister torsion associated to 1y. Then the
following (1) and (2) hold.

(1) If n < —1, then 7% (M) is not of lens space type.
(2) If In| > 2 and d is a prime number, then T%4(M) is not of lens space
type.
CHUITK DT EL NS,
Corollary In the same assumption as Main Theorem 2, if M s of lens space

type, then
Ag(t) =t —t+1 (n=1).

CHUIEH-SFEHN (7] OFRERORBEIRIFIC 22> T T, AT D Ozsvith-
Szab6 [17] DFFRD —FDOHLED L T 5.
Theorem (Ozsvath-Szabd [17]) Let K be a knot in S®, and M = S3(K;p)

the result of p-surgery along K where p is an integer. If M is a lens space,
then the Alexander polynomial of K is the following form

Ag(t) = (=)™ + Y (=1)" (9 +17%),

m
J=1

where 0 < 81 < 89 < +++ < Sy



Terminology | (JEA k7 2 HEE)

e | Reidemeister torsion | (7(C,),7#(C.), 7(X),79(X)) : & 2% R L finitely
generated free chain complex C, 2> 5 % % invariant D Z & Z\» 9. §d5T
7(C,) £RT. {3 ROFEDILTH 5. EBRIMEIFIHRTE 5 X ) Ichkx %z
MR % 17 5. B R 1% integral domain TH 5 /70 Z\v». B R 2 6 51H
LI wE Eid, BRERM o : R — R ICHHHE L 7 invariant 7¢(C,.) Z &1
TH2DBRE 0. KgHEOH E R 37 7=y 7 TH%. 22T, R IFinvariant
DETE LG WERTH 5. 2 DD Reidemeister torsion & V> .

Z2[t] @ Reidemeister torsion . finite CW-complex X 1% L TEFE I 41
%. X D cell decomposition 2> 5 D A7 chain complex 23fFET 5. Z i
> 5 Reidemeister torsion Z G5 T 2D bV \ndy, £ 9 TlE% T, X D
7% covering space X O cell decomposition 7* & @ F#A 7% chain complex @
Reidemeister torsion Z 7154 3. A##HTIZ X & L Ti3, maximal abelian
covering ZH{>T< %. H = H,(X;Z) %3 covering transformation group (Z 7%
. X 25 ® chain complex C, (X) 1 b H DIuAWERH L. Z[H]-chain complex
EH7Zew 5. D Reidemeister torsion Z X @ Reidemeister torsion & LT,
7(X) &ERT. EBRIBRERT o . Z[H] - R ICHEL 72 72(X) 1T L& Ww
ERWRDH HEBHTEICS W, ZL T, 2O invariant IZIEHHEDNH 5.
+p(H) DICOELUEF UAE & H72 3. Alexander polynomial Ag(t) 1Z1% £¢"
EOHHERH 2D EFEUCHETH 5. KEHTIE, 3612 ‘RN HHE
MHBH I ERERHL, BRLTWL.

e | Homology lens space‘ (M =X%(K;p/q)) : A Z AT ATREPH 3 ou%bkik M
D3 homology lens space Td % E1Z, Hi(M;Z) 3HIRKRIRE Z/pZ D & Z%
W) KREHETIEp> 2, p#£ 0 ZIRET 5.

B3 D homology lens space M (%, #2472 homology 3-sphere ¥ N D4
7% knot K 1Z¥h> 7252475 p/g-surgery DifiR & L TERT I 3 TE 5. 22
T, |p| >2,¢#0. id5TM =X(K;p/q) L&£T.

o ’Lens space type‘ : Lens space L(p,q) D 1 XRIuAER Y —HDERICE ¢
9%, DFD, H=H(L(p,q);Z) = (t) = Z/pZ. &% 1 DJFIH d TR &
$5. 22T, d(>2) 3 pDfE MERBL ¢, : Z[H] — Q(&a) 2 a(t) = &4
DORFEFLLDETE. ZOLE, Y(L(p,q) = (&4 — D) -1)"1TH
5. 22T, gg=1 (modp).

CZ1DEHRnTRET 2L E. B XMNTE Q(C) DIL a b lens space
type TH B E1F, a=+C"(C—1)" (¢ -1 ((i,n) =1, (j,n) =1) EEI
N5 EEZEVY). aldid b lens space D Reidemeister torsion DAHIZ 72 5 .

Homology lens space M = X(K;p/q) ® 1 XjuH €0 Y —HDOERILZ
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tET%. DFED, H=H(M;Z)=(t) =Z/pZ. &% 1 DR d R ET
. 22T, d(>2) & p DL HERRY oy : Z[H] — Q(&a) % Yalt) = Ea D>
GIREFLDBDETE. COLE, RS AL T r¥(M) D3 lens space
type TH D EEZ. M ZDHD% lens space type £ 29 . b1 Reidemeister
torsion Tl lens space £ DEZHIET S I LB TERVERIEKLE W) 2 LT
b5,

o ’ﬁ%ﬁﬂ’ﬂﬁl@/ YN ‘ (Nijq(@)) : K/Q % Q EDOFRRK Galois AR E§ 5.
KDlLa®DQLED/ VA Ngjgla)ZBA D& I ICELT 2.

Niqla)= I ola)

o€eGal (K/Q)

22T, Gal(K/Q) 1 Galois 5K K/Q O Galois #f & § 5. a Di/NEIHR
Z monic IZ L7z £ EDEEIHADRF D £1 517> T 5.



1. Definition of Reidemeister torsion

Reidemeister torsion DEEIL, IV HEfF %2 L TH> 5 finite CW-complex
X IR L THEINS. DU, Turaev [25] IZfE> TEET 5.

1.1 Reidemeister torsion of chain complex

DI T 2BRIZAT 1 2F O THEETAVWDLD (1 £0) &
9 5.

Definition 1.1. B R _® chain complex C, 23 finitely generated £ 1%, C; (i =
0,1,---,m) %3 finitely generated R-module T,

C,:0-0C, 24 ¢ 20 2 o 2, 050

THsHEZERV). C. D free LiF, C; (i=0,1,---,m) 23T free R-module
DEEZTERWV, C, D acyclic £1F. C, 2% exact sequence D & Z &) |

C, W3 acyclic <= H,(C,) = @ H;(C,) = 0.
=0

DI C,ix, 3UDERBED 0 ZEZIEL T,

8m,_1 8'rn—2 (9 8
Crpoy —— - - Ch E Co

C,.: C,
ERTZELHD.
FUICB R, LT OWHE (x) 2l HG2E A Tw» (L.

(x) R _E® finitely generated free module M @ basis D=L IZ—7E.

9 M D basis DEENERZD IS o1 %, (YHETRTZ &
WCTED.) (x) 2T HREMEELT, RDELIBIDOND 5.

Proposition 1.2. [3] & R %* 5 integral domain K ~\® homomorphism f :
R— K Tf(lp)=1x £%5bDH 5 EE, RIE (x) il T.

Proof R L finitely generated free module Z M &9 5. M D 2 DO basis
{.Ti}izly...7m, {yj}jzl,,..,n PHETS. 2ok . m=n X X,

xi:Zaijyj (i=1,---,m), y; :ijﬂi (j=1,---,n) ET5&,
= i—1

A=(ay) B=(bj)
K i:17'"7m ; j:1,"','fl’ 7 j:17""n 5 i:17"'7m
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BZRTIITH B, ZUd, AB =1, BA=1, (I, L, ¥ m XK, nRKOHA]
191) Zii7- 9.

fn) = I, f(In) = I &9, f(AB) = f(A)f(B) = I, f(BA) =
F(B)f(A) = Iy.

K O Q(K) THHRURRZD T, m=n.,
Corollary 1.3. [3] group G THLT % group ring Z[G] & (x) Z w7z 7.
Proof G D% 1 1B THERA f : Z[G] — Z %3 Proposition 1.2 D5 % jifi
727, 1

PUMICHTL 2813 & T (x) 27y &9 5.
Notation (1) B& R = free module M ® basis DIREZ . M @ dimension ¥

72 rank L\ dimg M (dim M) ¥ 72 id rankg M (rank M) &7, (Tu-
raev ¥, tkgM (tk M) ERLTW»3)

(2) M D 225D basis Z b = (by,by,-+,b,),¢c = (c1,¢0,++,¢,) £TBH. TCZ
T. r =rank M.

bi=> ag-c;(i=1--r)t%ba;€R(i,j=1,-,r) LT 5.
j=1

A=(ay), ,  tTBEE, [b/c]=det(d) LT3,
r=0DLFR[0/0] =175
CDLEEDTIDNOD 5. b,c,d % free module M @ basis & T 5.

@ [b/c| & ROEATETH 2.

@ [b/c]| - [c/d] = [b/d].

® [b/b] =1, [e/b] = [b/e] .

@ ROIEMTE & c 352 6N L &, |bjc| =u L7525 bHHHET 5.

ONONOIEIUR [b/c] =1DLZE, btk cldequivalent ETEFET 5 &,
[FEBI R I 72 5.

(3) b = (by, by, -+, by), b" = (byrs1, -+, b) DEE, b=bb" = (by, by, ,b,)
ERT.



Definition 1.4. (Reidemeister torsion of a chain complex)

Om— Om— o o)
C*Z Cm —1> Cm—l —2> ! Cl 0 C(]

ZAR F L finitely generated free chain complex &9 5.
C; D basis ¢; = (c(l) c(p")) (i=0,---,m)ZMEEL. c=(co, -, Cm)

] ) 1

ETBHE, ZNUFEC, Dbasis TH 5.
Z, = Ker (di1), By =1m(9,), Hy := H,(C.) = Z;/ B,
EEL (1=0,---,m). TDLE,
Ci=2Z;®B;, 12 B, ®H;® B;_.

Bi ®basis b; = (b, -+ 09N H, D basis h; = (h{Y, -+, h{"™) #H%. b;_;

@@4m;5n&%ﬁ4a%L\mqa%&é%f}%mmiahﬁ%&

7(Cy; ) := ﬁ [biflif)i_l/ci}(_l)iﬂ

=0

% C, D Reidemeister torsion EEFT 5. I F — {0} DILTH 5. ¢ B
okt 3 7(C,) E&RT.

7(C,) ZRKD 2R HHE AR ELBEEIIU T TH 5.
D c DHLYH T5. @ b DHLY /7. G h OHLY /7.
@ b DELY /5. ® h DHLY J5.
EDHEZENENROHAMEZ L O L TE L.
(D IZ2WT] C, DHID basis Z# ¢’ £ T 5L,

7(Cy;C e, —1)i+!
e T fese]

=0

T, SHUIF - {0} DEDITLOMD 135, 5, c DI 7O HME %
BEICER® % L invariant & L TOEKZ R Z 72\,

—. OBERIZHEEINESTL 3.

Lemma 1.5. Let b; and h; be fized bases of B; and H;, respectively. Then
the equivalence class of b;h;b;_1 does not depend on lifts h; and b;_1.
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Proof p; = rank(C;), ¢; = rank(B;), r; = rank(H;) £ B . p; = ¢;+ri+qi_1
DAL T 5.

h, b, , % h;, b, DAD lift £ 5.

b; (b(l) . b(qz))

h, (iL(l) h(n)) h! — (”(1) E{(n‘))

bi = (B0, BT, By = (),

ClZ = h’/L — hz — (dil)’ e ’dET‘z))’ e, = b;_l _ bi_l _ (61(1), ’eng_l))

L. corE,. d)eB, Ve 7
) i
k=1

. qi Ti B
62(]) = Z tjkbl(k) + Z Uﬂhgl).
k=1 =1

S=(sm ), T=(tp), U=(up)

kj:s< &\

L, O O
T U 1

Ti—1

&_tfb\ ﬂ?éfihf: 1

Lemma 1.6. Let h; be a fized basis of H;. Then the value 7(Cy;c) does not
depend on choices of b;’s.

Proof b, = (6", - b{") % B; DBID basis & § % .

X qi
b;(J) _ Z Smbgk)
k=1
. qi k) Ti 0 qi—1 ~(m)
b, = > tinabl” + > winihi” + Y Sjmi-1b.
k=1 I=1 m=1

Sz‘=<8jk,i>,Ti=<tjk,i), Ui:(ujl,i)

EE < }-\ Sz B q; X qz—ﬁﬂf\ S_1 = Sm = ((Z)) ﬂ = qi—1 X Ti-’f?§H\ Ul [
gi—1 X Qz‘-ﬁﬁw

—1)ym+1
mo o gmn m s, 0 o\
[T [bihsb] /bbb, 4] =[[det| O 1, O
=0



— det(S_1)™ det(9,) 1" = det(0) " det(§) V" = 1
&- 7’; b\ Zl_:\‘ég *U": 1

PLED X9, 7(Cysc) 1F ¢, h DALY J5IC X % invariant Tdh 5. KEiT2E
[t]%> 5 D Reidemeister torsion Z E#HT % £ &, clZHARR O DITES Z D
TET, HHEZGIR T2 2 L23CTES. hidfrank (H) 001D E Ex
5 +1fEOHHBENEL 2D0ATHS. ZDh bE D7 Reidemeister torsion
ZRA LG E LT, 18] 2P TEL.

DT, D i Trank (H;) =0, 2% Y C, 28acyclic (h=10) OHE&
Az FILEZ T L. C, D non-acyclic D & FlF 7(C,) =0 KT 3.

mo (—1)itt
| Tl
0 (H.(C,) #0).
Example 1.7. (1) C,: C} %,
& F _E® chain complex & LT, C;,Cy D basis & ¢i,co £ T 5.

C, %% acyclic <= 0y %3 isomorphism.

9o A¥isomorphism & LT, ¢ = (i, cl"), e = (e, -+ i) £ B

(H.(C.) =0),

8o (i) = Z e’ Top BT S, A= ((ay ) BIERITTSITH B,
j=1

Bl = O, BO = Cg, B_1 = 0. R
5120, B():OOJ:D\ blzq), b0:(317
bg = Cq, B_1 =0 ck P)\ bo = 80(C1), b_1 = @

T(C*, C) = {bQB_l/Co} =* [blﬁo/cl} e = {ao(cl)/c()} - |:C1/C1}

= (det A)~".
2) C,: G, -2

(1) EFREFED T, C, dacyclicD & Z, 7(C,;c) = det A.

Multiplicity

Reidemeister torsion DFHEVEDHE—IZ L TIR KD T 7=y 7 L E5TH
& W multiplicity IZ 2 W TIAR 3.
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C, Z{& F Lo finitely generated free chain complex, C’ % % ® subcom-
plex, C” = C,/C! % quotient chain complex &9 5.

O O — b3} d

C,.: C, gm-t, Cr1 gm=20 . L Cy 0 Co
8/ 1 8/ s 8/ a/

c.c /5L =2 .. oo s O
/! 1 8// 5 8” a/l

C”: C” _m1 C” _m2 ... 1 C’” 90 C'(’)’

c/zENZNnC;,ClLC! D basis T, 22DEHR

1) 1

ci, c|
L:Cl— C;, p:Cy— CY
WKL THRAR LD LET S, DFD, & Zc/ Dplckblift LT5LE,
[(c))E] fei] =1
DT H2HDET L. U Izl L Tw5Ed 5.

Lemma 1.8. If two of C,, C. and C” are acyclic, then the rest is also acyclic.

Proof DA N ® X 9 72 exact sequence 23 5.
— Hi(C)) — H/(C.) — Hi(C]) —

21X, C', C" HYacyclic £ §5 &, H;(C.) =0,H;(C")=07%DT, Hy(C,) =
0&%%. DD, C, bacyclicTh 5. tHOMAEETHRKTH 2.,

Lemma 1.9. If C,,C. and C” are acyclic, then there is the natural exact
sequence induced by v and p,

0 Bz/ f : g Bz{/ 0.

Proof f, g ® well-defined 7 & chain @ exact %787,

Lit2 Dit2
0 — Cihy —— Cipo —— Cly — 0
3{-+1l 3¢+1J 81”+1J/
Li+1 Pi+1
0 — (! — Ci—i—l — Oy > 0

0 — Im(9) (——) I ( ) (——) Im(8;) — 0
inclusionl 1nclu510nl inclusionl

0 — ( L e cr — 0

13



Step 1. f DEFRE . Z DHGHE.

o x % Im (0) DIEEDILET 5 &, Ciy DILaDEL T, 2 =0(a) £ T
5. ZDLE, f(x):=0;0t41(a) LEET 5.
o well-defined 14 :

Ciy DILb%Z, x =0/(b) £HBbDETS. Ja—-b) =0&D, a-—
b€ Ker (9) =Im(9,,). a—b=209,(c) %% CL,DILcHFIET 5.
8iOLi+1(a—b) = aiOLi+1 o a£+1(0) = 81 o aiJrlOLiJrQ(C) =0 J: b\ @OLZ-H(&) =
; 0 ti1(b).

o f1Zy DHIRZDT, HHTHS.

Step 2. g DEE L. ZDEGHE.

ey % Im(0,) DIEEDILET S L, Ciyy DILaDVFEL T, y=0i(a) £ T
5. ZDLE, g(y) =0 opii(a) EEET 5.

e well-defined 14: :

ﬁ € Ker (81) = Im (@H). o — 6 = @H(fy) 2: 7;:% CZ'+2 0)7_1:4'7 b)ﬁﬁj‘
5. 9 o pala— ) = 8 0 piar 0dia(y) = &0 &y 0 piaa(y) = 0 KV,
9 o piy1(a) = 9 o piy1(B).

©god;=0"opiy1. O pi1 \TEHEDT, god; IZBH. koT, g ba4

7

Step 3. Im (f) =Ker(g) TH 5 Z &.

[Im (f) C Ker (g)]
e gof(x)=0"opi10tiy1(a) =0X D, Im(f) C Ker(g).
[Im (f) D Ker (g)]
ey cKer(g) 9%, 9(a) =ytdaec Cy bBlE. godila) =
0/ opiyi(a) =0 & D, pii(a) € Ker (0) = Im (97,4). pini(a) = 044(2) &
nbze€ C%_Q ﬁ’ﬁﬁﬁé% Di+2 02]:’%%3[‘7’;@‘(\ pz-+2(ﬁ) =z2t%5% ﬁ € C’i+2
DHEIET 5.
e =a—0,1(08) EBL L, 9;(d) =0i(a— 0;1(8)) = 0;(a) = .

pir1(@) = piri(@) — pira © 0ip1(B) = pivi(a) — 07y 0 piya(B).

az(i‘rl opir2(B) = az"+1(z) = pir1(a) & UR pir1(a’) = piyi(a) —pipa(a) = 0.
INED, o €Ker(pipr) =Im (1i41).
e =11(d) B d € ClLyDBET S, 2 =0/(d)) eIm(9)) £HB L&,
f(x) =0iotiyi(ad) = 0i(e/) =y RDT, yelm(f).
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Theorem 1.10. (Whitehead [30]; Turaev [25]) If C, or C! is acyclic, then

7(Cy;¢) = £7(CL; ) 7(Cl; ).

Proof C; THEZA DML D5 & Zld, o(c)), ¢ Z cl,cf EDERTILITT
3. BIYRWHmw%mh“ﬂk?6 Lemma 1.9 £ b [bi/bb}| =1 &
NN 5.
Lemma 1.8 £ 0, C, #¥non-acyclic TH5Z &L, C,,C/ DYl LD
—JiM3non-acyclic ThH 5 Z & LIFFETH S. TD L F, Miild0 TEHESHKAL.
DUF, C, DYacyclic Z2IRET 5. C.,C” D—JidYacyclic D & ¥, Lemma
1.8 X /5 acyclic. £>T32& b acyclic.

7(Cy;c) = ﬁ [bif)i_l/ci}(_

=0

1)i+1 ~1 (—1)i+t

= 1T [ub BBl )b, e

i+ m )z+1

-+ H {b/b/ }(71) H [b”b” 1/ //}

%B’ B! ® rank 303U, + DFRFE L THRETH 5.

= +7(C.; ) 7(C); ")

‘ Changing coefficients ‘

Z 41 % T chain complex C, 13K F 2{2% & LT 7d3, BRRZBHKET
2HHLEZDINETHSL. 2D L ZDB R I Proposition 1.2 DIERFTICH 5
el (%) 27T D ET 5. FFIZE R DY integral domain D & Ei%, C, D
Reidemeister torsion & L Tld, C, ICHFEQ(R) 2T vV IWEZ L7bDD
Reidemeister torsion D Z & & L TEHET 5.

7(C.) :=7(C. ® Q(R)) € Q(R)

—W DB R #1850 L T 5 & FiZ. integral domain R’ ~DBRUERTEER o -
R — R I2X> T, C,®g Q(R) D Reidemeister torsion D Z & & L TEFE
5.

7(C,) :=7(C. ®r Q(R'))
ERT.
Notation C? := C. ®r Q(R'), Hf(C.) = H.(C?), 7°(C,) := 7(CY).
Remark 1.11. (1) 7¢(C,) # 0 (X H?(C. ) 0 & [FfiE.
(2) Euler 8 x(C,) #0 D & &, 7%(C,) =
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Example 1.12. (1) C,: C, -2 ¢,

G=(t|t8=1)~7Z/3Z, R=127[G] = Z]t,t ]/(t?’—)k@‘% C, %R
&3 chain complex & L. ¢s = (1Y), ¢ = (), 81(c)) = (2 + ¢+ 1)V
E$5. ZDEEKer(0) =(t—1)#(0) &b, C, ZDH DI non-acyclic

TdH 5. RIFintegral domain THRWIZ L HHFERL TEL.

CERIDFIR3IFEMRE LT, p:Z[G] = Q) Z (1) =1, ot) =25
RE ZBRMEFRZ, ¢ Z[G] — Q & ¢(1 )z@/}()-l?b’%ﬁ%i%f)ﬂ [ &9
5. ZDEZE, C?lEnon-acyclic. C¥ & acyclic T, 7%(C,) =3 THs I Lk
DM D SIS,

(2)0* 03 L) Cg L Ol

G, R, o, I (1) LA DET 2. C, 1T RIFED chain complex T,
cs = (), e = (&),&), e = (), &) = (1 = Ve, an(ef)) =
@ +t+ 1), o) = (2 =1)Y £F 5. Ker () = (2 +t+1) # (0) &
. C, ZDbH DI non-acyclic TH 5.

C? IF acyclic T, 7%(C,) = (+1. C¥ IZnon-acyclic TdH % Z & DMED O
55,

PLEIZ X D chain complex & BRHEFE DM A K > Tacyclic PEIZKE
CELT 22 E2ERLTHEL.

1.2. Reidemeister torsion of CW-complex

Definition 1.13. (Reidemeister torsion of a CW-complex)

X % finite CW-complex, p : X — X % X ® maximal abelian covering
ET5. ZOLE XTI X DO HRICHEEIND CW-structure 25A 5. %
cell IZ1d p D covering transformation group H = H,(X;Z) OIudMEH$ 5D
T. chain complex C,(X) (3 Z[H] 1 finitely generated free chain complex
L Q74 % (Figure 2). BRYERIY o @ Z[H] — F 12X LT, 7(C,(X) Rz F)
XD (oL 72) Reidemeister torsion & EHT 5.

Notation C¢(X) := C.(X) @z F, H?(X) := H.(CY),
T(CL(X)) e F—{0} (Hf(X)=0),
0 €F (H?(X) #0).

(X)) DHMEIZ, (1) X D basis DED J5 &, (2) ZDARFITL B, (1)
X p(h)f5 (he H). (2) 13 2150 HMEZAE. M EICX D, Reidemeister
torsion D 7¢(X) 1&. £p(h) 5 (h € H) DHHEZ b > TERIN 5.

(X)) =
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CW-pair (X, Y)IZX LT, 7°(X,Y) := 71(C¢(X,p~}(Y))) & (X,Y) D
Reidemeister torsion & E#HT 5. HHEDLFKTDH 5.

AN
R /eA DL
A

XZCA

Figure 2: the maximal abelian covering of X

Theorem 1.14. [25] Let (X,Y) be a finite CW-pair, j: Y — X the natural
inclusion, and ¢ : Z|H(X;Z)] — R a ring homomorphism. If 79%(Y) # 0
or T?(X,Y) #0, then

(X)) =7°(X,Y) - T%(Y).

Proof C, = C?(X), C, = C(Y), C! = C2(X,)Y) L& L, C! =
C./C. TH 5. Theorem 1.10 K D, 2T 5. y

Theorem 1.14 S EEZDS, UTOUIRMEED X D EHETH 5.

Theorem 1.15. (excision) [25] Let X be a finite CW-complex, X; and X
subcomplexes of X such that X; U Xo = X, and Y = Xy N Xy, Let j :
ZY] — Z[X] and j; : Z|X;]) — Z[X] (j = 1,2) be homomorphisms induced
by the natural inclusions, and ¢ : Z[H(X;Z)] — R a ring homomorphism.
If T9°9(Y) # 0, then

PH(X) = TP (Xy) TP () - (P (V)

Proof C| = C¢¥(Y), C. = Cf'(Xy) @ C#2(Xp) = CFUM (X, TI
X,), C'=C?(X) £BL &,

J J1—J2
0O - C — C, — C!/ - 0

17



I¥ Mayer-Vietoris exact sequence Td 5. Theorem 1.10 X O, JRIZT 5. 4

£ 722 DR T 72(X) 13 X D CW-structure IZffffi L 72 invariant T
%. U ld simple homotopy invariant # TH % Z £ T DL, N DEH T

bH5.

Theorem 1.16. [25] Let X and X' be finite CW-complexes, f : X — X'
a simple homotopy map, ¢ : Z|H(X)] — R a ring homomorphism, and
o=¢' of,. Then

/

(X)) =79 (X').

Proof £ & ® simple-homotopy & elementary simple homotopy @ £ R%1T
FEHINDEDT, f23X D5 X' D elementary simple homotopy & {R7E L
TART. XD (n—1)-cell e Z)EIHI & LT, DR 2225 D cone 25
ST f =BT 5 (Figure 3).

X

[/ >/ /)

X X'

Figure 3: elementary simple homotopy

Theorem 1.14 X D, 7¢(X") = 79(X) - 79(X', f(X)). e, = v % e L B

E. (X F(X) = 9 (en, ) HDT, 79 (en,e) = 1 ZREIE L. FRIC,
n=3NtEDHERT. ~MOLELFAKTH 3.

o 9 ?
Gy —— Oy —— O —— ()

% CW-pair (e3,€) 2> 5 @55 I 415 chain complex & T 5.

cs = (e3), co = (e, e e, ¢ = (elV, e e, o= () T2 L &,
(c5) = €5 + e + 5,
DN = e~ o2 B0 = oD 9, D) = o — b

)
ZDEZE, b3=0, Bg = (63), by = (52(63))7 l~)1 = (652)7653)),

2 3 3 1 " 3
[ (e()—eg),eg)—eg)), by = (eg)),
bO (60(€§ )))a b }
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CW-pair (X,Y) @ Reidemeister torsion 7¢(X,Y) ¥ simple homotopy
invariant Tb % Z L IZFABRISRT Z & TE 5.

Corollary 1.17. [25] The value 7¢(X) is independent of subdivision.

Proof H/0iffll 73 % simple homotopy TEHT 5. X % n XIt CW-complex &
%73, simplicial complex & L TREIEFARTTH 5. X D i XILLA T D cell
k% X, E 5. Feell DR Z 1T O T E, X, 2 5 HICHllSy
TWw(.

Step 1. ncelle L fiz EDcone xxe ZHD, U7 (n+1)-cell Z e fllD> 5
D&Y, Z0UE, simple homotopy THEILT % (Figure 4).

-A-A

Figure 4: subdivision I

Step 2. XDERET Flgure 5Dl E Lzcwv. X, Ol EThEDE WL
EE, MEDELLMTICKR STV S

L e 4

Figure 5: subdivision II

Step 3. (a) ZF L < H. 5.
(n—l)—cell e AT L cell 2R L, Ky £ Dcone ZHLD | K (2D
BRGE 2 HEE) 25 XIGDE\ cell DIHIZ DS L TWw (K (Figure 6).
u&%?bm% LTSy
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-V-¥-Tk

Figure 6: subdivision III

DL EIZ X D, Reidemeister torsion %% simple homotopy invariant Td % Z
el M TARETHLZ LY. L L 2T cell decomposition 12
£->7Tw3. A Chapman 2] IZBIFZ/RL 7.

Theorem 1.18. (Chapman [2]) Any simple homotopy invariant is a topo-
logical invariant.

COFEHICIE, R ITDON SR WS, FEEOMMBZEZ TS
DTHHAATRETH 2. L2 ZOEHIZ L D, Reidemeister torsion IZ
topological invariant Td % & & DMREES 117z,

22T, MDA R 2 206221 TH < .

Example 1.19. (1) X = S!

Hy(SY) = (t) 2 Z, p: X — X % maximal abelian covering & §%. S!
%, 12D 0-cell cg. 12D L-cell ¢; IZET 5. lift A URLTZ2EH 2 LI
§ % (Figure 7 (1)).

C*i 01 i) Co

% S'OyEPSIE S X (2 RY) D chain complex & 5.
Ci = (Cl>l Cop = (CQ), 80(01) = (t - 1)00 T%% R
b, =0, by = (1), bo = (d(c1)) = ((t = 1)eg), by =0 & UR

(S = (t—1)7".

(2) X =St x St

Hy(S' x SY) = (g,h) 2 Z&Z,p: X — X % maximal abelian covering
ET5. SIx St %2, 12D 0-cell cgn 22D 1-cell ¢t, 2, 12D 2-cell ¢y IT57
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#925. lift bFE LG 529 2 &2 % (Figure 7 (2)).

C* . CQ o Cl % C()

% S'x S'ORED S E S X (= R2) D chain complex £ 5.
cy = (), €1 = (c1,¢f)en = (o),
Oi(c2) = (1 = h)ei + (g — 1)ef,
do(ch) = (g9 — 1)co, d(c2)=(h—1)cy TH 5. i
by =0, by = (c2), b1 = (9i(c2)) = (1 = h)ey + (g — 1)ef), bo = (c1),
by = ((c1)) = ((g — Do), bor=0 XD

(St x SY) = —1.

(1)
Cq tZCO
p tey
- tco
Cq )t
Co
Co .
(2) :
p
D) <=l | e
Ci
"Col cl
g.

Figure 7: the maximal abelian coverings of S! and St x S*

Proposition 1.20. (1) Let t be a generator of Hy(S'), and ¢ : Z[t,t7'] — R
a ring homomorphism. Then C?(S') is acyclic if and only if o(t) — 1 is not
zero divisor in R. If C2(SY) is acyclic, then 77(S') = (p(t) — 1)1

(2) Let t, and ty be generators of Hi(S* x SY), and ¢ : Z[tF',t5'] — R a
ring homomorphism. Then C?(S! x S1) is acyclic if and only if p(t1) — 1 or
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©(ta)—1 is not zero divisor in R. If C£(S*x S) is acyclic, then 7#(S'x S1) =
1.

Example 1.21. (1) ¢ : Z[t, t7'] — Z[s,s71]/(s" — 1) Z ¢(t) = s Tk E B
AP ETZ. (s—1)(s" T+ +s+1)=s"—1=0&D, pt) —1=s5—1
I zero divisor Tdh 5.

2) p: Zt, 7 — Q¢) % »(t) TRE ZBRMERIZET S, 22T, (I
1=
3

(T
DFEHRn FRTH 5. o(t) — ¢ — 1 1% zero divisor TlE 72\,

) o Zlt /("= 1) = Q(Q) & p(t) = TIREZFEERIP L §5. 22
T, (1 DA nﬁiﬂ'czl% @(t) — 1 = ¢ — 1% zero divisor TlE7z\>,
(4) g : 2,71/ (1" —1) — Q(C) & y(t) = ( THRFEZBRMERIFE T%. 2 C
T, (W1 DFIBAFRTH 2. d (> 2) 25n DFIED & ZF 1y 1% well-defined
T, YPg(t) — 1 =( — 113 zero divisor TlE7Z& >,

(
1
(

1.3. Milnor torsion and the Alexander polynomial

C DEHFHEARICEEHZ 5 2 v, GEHIZ Turaev [25], [26], [27] Z 2D
Z¢.
Definition 1.22. (Milnor torsion)

X % finite CW-complex & L, H := H{(X), G := H/Tor (H) £ E<.
pr:Z[H] — Z[G) Z HRB2H LTS, CDL &, ( ) & Milnor torsion
LIERT 5.

Z|G] I3 integral domain T 5.

Definition 1.23. (Fox derivative)
F o= {2y, ,xp) & T, Ty CTHEERT 2 free group £ T 5. EED
r e F & Z[F| ohT

7“—1+ng -1 (f; € Z[F])

7j=1
LR RING. ZOLEDK [ %
or
fi=—=—
J al'j

ERT. ZL T, Iz Z[F) IR L 72 b D %2 For derivative L EFRT 5.
2FD,
or, . Z[F] — Z[F]
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%
()reFOL X (a) )=

an N 07%-’
0 ou Jv
O) R — = —_— —
(2) a,beZ, u,v e ZF| D EZ (a%) (au + bv) af)xj +b8xj
TEDD. ZDEE, LUITPHILY 5.
., Oc
(1) oz, 0 (cei),
. O
(ii) =— = di; (045 1 Kronecker @ delta),
8x]~
.. Owv)  Ov Ju
(111) 81‘]' _uaix]—i_v(]-??l)aix] <U7U€Z[F])a
or~1 L, or

(iv) o, =—r o1, (reF).

Definition 1.24. (Elementary ideal, Alexander polynomial)

F = (a1, -, xp,) Z free group, ™ = (x1, -, Ty | 71,72, +-) Z finitely
generated group &9 5. p: Z[F| — Z[r| % natural projection, « : Z[r] —
Z[H| % abelianization 7%35% 9 % homomorphism, n = aop £§5. D

E =,
or;
-(o(2)
( ) ( axj i=1,; j=1,-m

%z 1 D Alezander matriz £ \>9) .
A(m) D (m— 1) MTAIRTHER IS N5 Z[H] D ideal E(7) Z 7 D elemen-
tary ideal &£\,

A(mr) := ged(pr (E()))
% m @ Alezander polynomial £ \>9 . %% 7 D presentation 12 & & —&EMH
CRES. 72720, A(r)id £pr(h) (he H)fFOHMBELD 3.
PiAHZER] X @ Alexander-Fox polynomial 13,

A(X) = A(m (X))

EERT 5. X H¥homology 3-sphere ¥ ND n {47 link L @ & ¥, £ meridian
PRET S HDOILR t,--+,t, £ LT,

Ap(ty, - tn) = A = N(L))
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%z L @ Alezander polynomial &9 5.

Example 1.25. (1) 1 =Z=(z | ) =(x,y | r=1y)
H_@zzéZ_QZ}J;b\mm_(o1)
E(Z)=1)=Zt,t7'1 &b, A(Z)=1.

Z U trivial knot @ Alexander polynomial 251 TdH 5 Z & /R T,

@) m=(zy|r=2"y") (g =1 pg=2
H={#)2Z7T, nx)=t, nly) =t EWNET 3.

or P —1
— p—1 ‘e 1:
o T + + x4+ 1

— vy q_l PO 1 —= p .
o Py 4y + 1) xy—l

-1 -1 (=1t —1)
ﬂﬂ_<ﬂ—1J wu1>’ AM%WW—DW—U'

Z 1 (p, q)-torus knot @ Alexander polynomial 2% .

Definition 1.26. (Order of a module)

K % commutative ring, H % finitely generated K-module £ 9%. Z®D
£E., f: K™ — K" K-homomorphism T, Coker (f) =~ H, n2’ARTH
5 DDFET 5. m B2 RN LITHEET 5.

Km L K'"— H— 0, exact

K %% Noetherian 7% 5 (£m 2 G RICHIL 5.

A% f D m x n-presentation matrix, E(H) Z A ® n XMTHIZTHERL
IND K Dideal £ 5. 2t H D presentation 12 & & F —HWIZIRE 5.
K %% unique factorization domain (UFD) @ & &

ord (H) := ged(E(H))
EEET S, HDorder L\ . T0UE +u (uld H D unit) f50 HHETHR
5.
Example 1.27. K =7, H=27Z/aZ $Z/bZ (a,b>0)
H @ presentation matrix (% ( g 2 > % DT, ord (H) = ab.
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X % finite CW-complex, H := H,(X), G := H/Tor (H), pr : Z[H| —
Z[G] % natural projection &9 5. Z[G] 1& Z EDAPRXK Laurent 2 HABR ¢
DT, Noetherian UFD TH %. X T, finitely generated Z[G]-module M
WXL T ord (M) 13 well-defined Td % .

Definition 1.28. (Alexander function) )
q : X — X % maximal free abelian covering T, CP* (X) = C,(X) &
finitely generated Z[G]-chain complex TH 5. D& &,

A(X) = [lord (HP" (X)) € Q(z(G)

=0

% X D Alexander function EEFKT 5. TiUd +g (g € G)FEOHME TR
%. CPr (X) 23 non-acyclic THIUL, A(X)=0&,F%. £7. finite CW-pair
(X, V)2 LT, AX,Y) bHERICERTE 5.

Example 1.29. (1) X = S!
HY" (X) =0, HY' (X) = Z[t,t7]/(t - 1).
ord (H" (X)) =1, ord (H}" (X)) =t—1. A(SY)=({—-1)""

(2) X =8t x St
Hy' (X) =0, H" (X) =0, H" (X) = 2[5, 5]/ (i — Lt = 1).
ord(HY' (X)) = ord(H" (X)) =1, ord(HY" (X)) = ged(t1—1,t5—1) = 1.
A(St x St =1.
DTOEMIZEETH 5.

Theorem 1.30. (Turaev [25]) Let (X,Y) be a finite CW-pair. Then

™ (X,Y) = A(X,Y).

Zuz X b, Alexander function 7% Milnor torsion D 2 DERR & W7s T
ZEMTES. ZNDFEHIZIZ. matriz T-chain £ WIHTEEZH WS, W)
IZH ZHDFHIHD 7D IZES B BT, IS IZ R Z %2 9 7528, 7
DRDPEDLVDH HEEHTH 5. FERBOER L F->TH L v,

X%, 3-dimensional manifold {Z3¥\>"C Milnor torsion & Alexander poly-
nomial DRRZBR7-EHELEHTH 5.

Theorem 1.31. (Turaev [25], [27]) Let M be a connected compact 3-dimensional

manifold with x(M) =0, and H = H,(M). Ifrank (H) > 2, then 7" (M) =
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A(M). Ifrank (H) =1 and H/Tor (H) = (t) = Z, then

AM)-(t—=1)"" (OM # 0 or wi(Tor (H)) # 1),
(M) = ¢ A(M) - (t—l) (OM =0, and wy(H) =1),
AM) - (2 —=1)"" (OM = 0,w,(Tor (H)) =1, and wi(H) # 1).

CNDIEEHE X, ZBRkIAED Poincaré duality Z 2% . DU, Rz -
Tl

Corollary 1.32. Let X be a homology 3-sphere, K a knot in ¥, and H,(X — N(K)) =
(t) =2 Z. Then
7(2 = N(K)) = Ag(t)(t = 1)~

Proof Theorem 1.31 C, rank (H) =1, OM # 0 DHHTH 5.y

Notation (1) Homology 3-sphere ¥ WO knot K IZ#3> T p/g-surgery L 7z
RO LIRE % D(K;p/q) ££T.

2)d (>2)ZpDREEL. (Z1DFBIERET S, ZOLEE, Yy :
Z[t,t71/(t* — 1) — Q(¢) ring homomorphism % 4(t) = ( »HEDP NS b
DET 5.

Corollary 1.33. (Turaev [24], [25], [26]) Let p and q be integers satisfying
(p,q) = 1,|p| > 2 and q # 0, d (> 2) a divisor of p, and ¢ a primitive d-th
root of unity. Then

Y(S(Kp/g) = A(OC =D (T =17
where qq = 1 (mod p).

Proof Theorem 1.15 (excision), Proposition 1.20 & Corollary 1.32 & O E7»
5.y

1D pFRZFZTARLDTIERL, H5Q 5 p DFIEd TR TS Z
EDMRIZENAT K % (Main Theorem 2 DiEHHZ 2 ). KflZ K % trivial knot
ET B LU ELNS.
Theorem 1.34. (Reidemeister [20]; Franz [6]) Let L(p,q) be the (p,q)-lens
space. Then

7' (L(p,q)) = (( = 1)7H¢T = 1)~
where g7 = 1 (mod p).
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#THITL % Franz DEM (Theorem 2.4) 25 Z &2 X D | lens space
DOFEHEE 2 EDPTES.

Theorem 1.35. (Reidemeister [20]; Franz [6]; Brody [1]; Przytycki-Yasuhara
[19]) Two lens spaces L(p,q) and L(p',q’") are homeomorphic if and only if
(1) p=p/, and (2) ¢ = +¢' (mod p) or q¢ = £1 (mod p).

Reidemeister torsion (&4*7 < & & lens space 128 L TIE584 7% invariant
TH 5. 1D homology lens space 12X L T ENERNND3H % 0% 05 D)3
ZOWMDT—vTH5.

1.4. Examples
W ODEHREBIZ 28T 5

Example 1.36. (1) X = S! x 52

Hy(S'xS?) = (t) @ Z. X = S'xS5?% 22D solid torus T, Ty (= S'x D?)
DANZITEIT % (Figure 8).

Hl(T‘z) = <tz> =7 (Z = 1,2), Ti ﬂTg = 8T1 = 8T2 >~ Gl x St

TNT, =Ty, TiNTy — T, 2N LT, H(X) Tt =t, =t DRIFRKH
A5.

T: T,

Figure 8: decomposition of St x S?

T(S'x S =(t1 — 1) Hta— 1) 17 mpyme = (= 1)2

(2) X =St x 8" (n>2)
Hy(S' x S") = () ~ Z.
(1) EFREICT 295, n 1220 TORIE T T OS2 R T 108k o,

(=1 (n iR
“yxs)_{1 (n 137%0)

FEHRMIZ, n=1DHATHIEL o TWn3,
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(3) X =8 x B, (B, 1. nfl®D 1-cell, 1fHD O-cell £ D757 —"7. n>2)

Hi(S' x B,) = Hi(SY) @ Hi\(B,) = (t) ® (t1, -, t,) = {t,t1, -, tp) = Z"T
tid Hi(SY) OARTT, t; (i=1,--+,n) 3% B, D l-cell ICWHIET2I0ET 5.
St x B, 1%, nfll®d torus % longitude 121> THEE L 7224 & Hed 3.

(8" x B,) = (t—1)"..
CNHFERNIZ, n=1DHAETHIELL ZoTn35.
(4) X =58t xY
(2), (3) &b,
(8" xY) = (t—1)X"),

22 Tx(Y)lZ, Y @ Euler number Tb 5.
GEFHIE. Y Dcell 3#Z LT, Y DcellZe ET5EE, S xeZHORK
TLDOMICEE L T FETH L. 2O, HEE T TR E® R 2 2

IR

itk D, SPND fibred knot complement %3 trivial bundle 1272 % D&,
trivial knot complement D & ZDATH 5.

(5) X =Klein bottle
Hy(X) = 2.6 Zo, Hy(X)/Tor (H,(X)) = (1) = Z.

torus & [AfR 7387203, Z-covering TH 5 Z L ITHE.

T(X)=1-(t+1)-t+1) " =1
(6) X = S 1:® B,-bundle T, rank (H;(X))=1 ¢%%bD.

f: B, — B, % monodromy map &9 %. (Figure 9)
f« : Hi(B,) — H(B,) | isomorphism (Z7% 5. HHH% basis 2k D f, %
FHLIbD2 ALTE. ZDLE, det(A) = +1.

I ZHAATHE LT, r=rank (A1) LB &, H(X)/Tor (H (X)) =
Zn-i—l—r‘

rank (H1(X)) =1 < r=n, TH 5.
2-cell % o;. 1-cell Z 7, . O-cellZ x &£ T 5.
0(01) = tf*(TZ) — Ti,

A1) =0, da) = (t —1)z.

7(X) = (t —1)"'det(tA —1I).
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Figure 9:

KRz 20k b, fibred knot DEGERXDIRED 1 TH 5 Z & £, Alexander
polynomial XD 1/2 23, minimal genus & —FHT 2 Z L bh 5.

(7) X = (p, q)-torus knot complement

Hi(X) = (1) =7

S3 % 2 D0 solid torus Ty, Ty DRNCTEIT 5. (p, q)-torus knot K &,
Ol =0T, D EIZTFESTWB ERS. ZDE & K OuEkE N(K) &, Ty, T, % Hl
5. ZOHI S N7AER D solid torus T, 26 % X, X0 £ 9%, X = X;UX,
T. X1 N Xy & annulus TH 5.

X, D core % |}, meridean Z m;.

X5 D core % |y, meridean Z my £ 95 &

Hi (X, N Xo) 2 ZDERTTH, [[1]P[ma]? F721% (1) me]P LRSS,
mi] =1, [me] =1TH 2. [l]] =t1, [b] =t EEX.

T(X1) =t — 1) 7(Xy) = (t, — 1)~ 1.

H(X) Tl & =t1Th 5.

ty =11 to =1 LT 5L, t] =t] =PI DKL,

(X)) =01—-1)", 7(Xp) =" = 1), 7(X1NXy) = (P — 1)1

7(X) = (t* —1)7 (1 — 1)~ (#77 — 1).
Nk Y. (p,q)-torus knot D Alexander polynomial /&

(P —1)(t —1)
(=)@ —1)

A(X) =
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2. Rational surgery along a torus knot

2.1. Moser’s Theorem

Main Theorem 1 D & 72> 72 M2 bR 5. 53 HD torus knot 129
rational surgery D RD LKA Z T L 72 b DTH 5.

Theorem 2.1. (Moser [16]; Gordon [8]; Shimozawa [23]) Let K, be the
(r,s)-torus knot in S*, and M = S*(K, s;p/q) the result of p/q-surgery along
K, s where |p|,|r|,|s| > 2 and ¢ # 0. Then there are three cases :

(1) If [p—qrs| # 0, then M is a Seifert fibered space with three singular fibers
of multiplicities |r|, |s| and |p — qrs|. In particular,

(2) if |p— qrs| =1, then M is the lens space L(p,qr*) (Figure 1).

(3) If [p — qrs| = 0 (p/q = rs), then M is the connected sum of two lens
spaces, L(r,s)iL(s,r).

Reidemeister torsion %2 T Z DFFRIC ENFRIBN S DHEE-> T <.
Figure 1 (p4) |¥. (2,3)-torus knot (trefoil) K3 @ 5-surgery Difili 23 lens
space L(5,1) IZ% 5 2 L 2R L TWw3 (cf. [21], [23]). 245 D Reidemeister
torsion 13T 51ETTH 2. M = S3(Ka3;5), (% 1 DFIH5FEMRE LT
Reidemeister torsion % 7% 9 %. Corollary 1.33, Theorem 1.34 X 1|

(M) = (P = C+DC -1 m(L(,1) = (- 1)

ZNoDHIFALT EE) DDICR Z 5. Reidemeister torsion 1% £¢™ 5D
BEOWTERINDDT,
¢ —C+1=H¢"

PO NLODTIE 2\, ERI B AN, L,
¢ = ¢+ 1] = |1 = 2cos(2mk/5)| # | £ (™ =1

0, ZNREBEINS. ZNTIEE) TIULFA—FTEZ DA ) ?HE
X, (p, q)-torus knot ® Alexander polynomial DARE TIPDIXD XD
BB TESL. ((C=1bf9)

(¢ -DE¢-1)

¢-ne-nc Y

P = (¢ = CHDC - 1) =

=D -1)

_ _) C1\—2 #2042 1\—2
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LD —CiFEbnL, (ZCIKEEPALIETR-HTES. 2% D,
s DD HICHHHERH 20%2 FEIT L TWDTH 5.

vs  Z[E /(2 = 1) — Q(0)

ICBLT, Ps(t) = C EERLID, os(t) = & LTOARERED L ZVD
ThHb. 0:(— (?lFGalois #f Gal (Q(¢)/Q) IZJET 20T, —DLGEIC
bIOHMEZ BRI NETHS. D, 2o ‘R’ HEZ I £
250 H5HVIENNEEY 20Tz TW» L

2.2. Main Theorem 1

Reidemeister torsion DEDS—E L 72 2 D D22 [E DAY ICFEFHD 2 £ v )
rEClEZofcldfibz . 08 EFTHEBEELDE ) IICELZRIT S.

Definition 2.2. (Lens space type)
(1D pERE TS, ZDLE, ae Q) DY lens space type TH 5
EE,

a=x"C =) -1 mijeZi(ip)=1 (jip) =1

DIBIZRINDE LER V.

M ¥ orientable closed 3-manifold T, H;(M) = Z/pZ (|p| > 2) TH 5 &
$5. 2% 0D, MiZhomology lens space TH % £ 5. t % H| (M) DARIG,
d(>2)ZpDREE LT, &2 1DFIRdFMRE T 5. ¢y Z]t,t7Y/(t"—1) —
Q&) & (t) = & TIRERBRERIZ L T2, FRED T LT r%a(M) D
filin3 lens space type D & &, M ZD b DD lens space type ThH 5 L EFHET
% . Theorem 1.34 £ . #H D lens space 13 lens space type TH 5.

Remark 2.3. H 5 3% ¢, ZH% Z £ 12 X 57T, Reidemeister torsion @ _E
TIETELRIDILEEZPLS>TVEDTH L. LS, Zt,t71/(t" - 1)
226 DIEEDOMERTE o DR Im () D82 DI, HERPEHIZXD,
Zit,t7/(t" — 1) ZH % ideal TH >/ bDTHD. S 25 e, Lt 17}
Z, (t"—1) Z2E&Tideal THo D DTH S, ZaUdt" — 1 DRI THERS
5. E 51 zero divisor ZFf7z WX H I T B 72d1iE, BRI THERI 1
HRETH5. T5EMRMITIm () XZ[E) B HDTHS.

Notation

(ts —1)(t—1)

Al = e )

((r,s) = 1),

ST (rs)ldr & sDRREKNBZRT. (r,s) =113 r & sDBHWIHELE
WY ZETHB. T (r, s)-torus knot D Alexander polynomial & [A] U T
b5,
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Main Theorem 1 Let K, ((r,s) = 1) be a knot in a homology 3-sphere
Y with its Alexander polynomial A, 4(t), and M = X(K, s;p/q) the result of
p/q-surgery along K, s where |pl,|r|,|s| > 2 and ¢ # 0. Then M is of lens
space type if and only if the following (1) and (2) hold.

(1) (p,r) =1, and (p,s) =1, and
(2) r = +1 (mod p) or s = £1 (mod p) or grs = +1 (mod p).
CDIEHD - DHERE T 5.

Theorem 2.4. (Franz [6]) Let ¢ be a primitive n-th root of unity, S the set
of non-zero divisors in Z/nZ. Let {a; (j € S)} be integers satisfying the
following conditions:

(D) aj=a;, (2)> a;=0, 3)[[(¢"-D%=1.

jes i€s
Then aj =0 for all j € S.
ZOEMOGEIE L BB O MRz v 5.

Definition 2.5. (Norm of an algebraic number)
F/Q #HMRX Galois A RET 5. a € FOIDILKRIZBIT S norm
Npjq(a) LT CTEREINS.

NF/Q(Oé) = O'(Od).
c€eGal (F/Q)

I 212 Galois HETIZ V7NV EL Ty LHIF7-bDTHS. FL aD
norm THILARDBELIUIMED LD 5 2 EITHER. HIZAIL,

Nowaya(V2) =2, Ngwaigq(V2) =4
Thd. L2rL. aDERNMNHEADEEIHORF D £15TH S Z EIZIZE
LY. T, norm ICBIL TR D ORI L2 FEHTEL.

Notation 5K F/Q & 027 & Eld, Npjgla) ZHIZ N(a) £ 7. DI
DEETIX F I3 (cyclotomic field) TH 23 Z EXETH . Mok & 1X
QU CIF1DRFR) DI L TH 3.

Proposition 2.6. Let F//Q be a finite Galois extension, and « an element
of F. We denote Np/q(«) by N(a). Then

(1) N(e) € Q,
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(2) if a is an algebraic integer ( i.e. its minimal polynomial is a monic
polynomial over Z), then N(«) € Z,

1

(3) if a is an algebraic integer, then a~' is also an algebraic integer if and

only if N(a) = £1.

Proof of Main Theorem 1

Case 1. (p,r) =122 (p,s) =1DEE
FTHRMICOVTHERL TEL. LT O,@ ZHAETH 5.

@ (p,r) =122 (p,s) =1,

@ FEED p DB (>2) 1T LT (d,r) =122 (d,s) = 1.
d(>2)ZpDfBE LT, E21DRIKMdERLET 5.

(M) = A (OE-1D)THE )T = (€ - 1)(E - D)THE-D)THET-) T
DD £E™(E —1)"HE - 1) ((i,d) = 1, (j,d) = 1) £ 20H+5r5
thERkDL. DF D,

(€ =1E =) -1 ="E - DE-1(E 1)
&7 A G R R . MAICEFEI 0 TR 2 &

(€ =DE=DE -DE=DE -E7 - 1)

= -DE=-DE-DET-DET-DET-1).
Theorem 2.4 X 1.

{rs,—rs,i,—i,7,—j (modd)} = {r,—r,s,—s,q,—¢ (modd)}.

(i) rs = +s (modd) £7ld rs = +r (modd) D & Z
r=+1 (modd) £7:1% s = +1 (modd) L [FfETH 5.
(ii) rs = ¢ (modd) D & &
qrs = +1 (modd) L FETH 5.

d=pDEZIT, r==+1 (modd) £7%1F s = £1 (modd) 7L grs =
+1 (modd) THIUZX, D d (>2) THHD LD,

LEhAIT, () DEZE, % (M) = 7 (L(p,q)), (i) DL E, 7% (M) =
7% (L(p,r5)).
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Case 2. (p,r)=d>2DEZ
COEMEPRD T, (d,s)=1Thd I L2MERLTEL.
p=pdr=rd&td5 tZAELETS.

" —1

_ -1 g Y
Ar,8<t> - (tr _ 1)<t5 — 1) B u . (ts — 1)
th—1

_t(p'sfl)d_k..._’_td_{_l t—1
D pd ] s — 1
ER1DFRAFERET S, ZDL E,

TH(M) = s(€° = 1)1 - 1)
TN EM(E -1 HE -1 ((6,d) =1, (j,d) =1) I DBHRwI L%
N
M HEK Q(€)/Q DIERKELZ o(d) TH 3. (¢(n) 1F Buler B%k. 3.2 %
SO L)) Nqeyqla) Z N(a) EET.
N(s(€ =17 = 1)) = N(sN(E = )TN - 1),

N(€™(E = 1)7E — 1)) = N(E€)N(E — 1)~ N — 1)
N(s) = s#@ (|s| > 2), N(££™) = +1,
N(E = 1) = N(€T—1) = N(§ = 1) = N(& = 1) #0
E0. WMFFFLLRDERY, XoT, 7¥(M) 2 DER 0.
PLEIZE D, Case 21X 41T, Case 1 DADES .
3. Rational surgery along a genus 1 knot
3.1. Goda-Teragaito’s Theorem

Main Theorem 2 OEjEE & 7> 72 EH 2B~ 5. S3 WD hyperbolic knot
23R 9 surgery % iR 72 FERD—F T, genus 1 knot %> & lens space Z4: U
727 61X, Z D knot (% trefoill TH L TH 2 I L2 bDTH 5.

Theorem 3.1. (Goda-Teragaito [7]) Let K be a genus 1 knot in S3. If a
rational surgery along K yields a lens space, then K 1is the trefoil.
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3.2. Cyclotomic polynomial

Main Theorem 2 DaEBHIZIZ, HZZEAICEF b 2 FHEZMHH . GEHIZ
29] &R SEI N0, FF4E (SHIEHIET2) THHTHELE
ATW3. @D L TEL.

Definition 3.2. (Euler function)

o N =N % pn) = |(Z/nZ)*| (n>2), p(1) =1
TEFE L 72S D% Euler function £\ 9 .
Proposition 3.3. (1) If (m,n) = 1, then p(mn) = p(m)p(n).

(2) Let p be a prime number, andr > 1. o(p") =p" —p~L=p" " (p-—1).
(3) Let n =[] pi* be a prime factorization of n. p(n Hp —1).
i=1
(4) If n > 3, then p(n) is even.
n
0= e =Y (5).
dln dln
Definition 3.4. (Mé&bius function)

1 (n=1)
peN = {=1,0,1} & p(n) = { (1™ (n=py po; L IZHR% 2 FBOR)
0 (% DAilr)

#£ L 72D D% Mobius function &\ 9.
Proposition 3.5. (1) If (m,n) = 1, then u(mn) = p(m)u(n).
n
(2) p(n) = %d i >—dz|;d-u(d).

(3) Let ¢ be a primitive n-th root of unity. > (" = u(n).
i€(Z/nZ)

Definition 3.6. (Cyclotomic polynomial)
(Z1DEKnTRET S L E,

O, (x):= [ (@-¢)

i€(Z/nZ)*

% n-th cyclotomic polynomial &£ BT 5.
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Proposition 3.7. (1) ®,(z) =2 — 1.

(2) @, () is an irreducible monic polynomial over Z.
(3) The degree of ®,(x) is p(n).

(4) 2¢™ @, (271) = ®,(z) (n>2).

(5) Let p be a prime number, and r > 1.

1

D, () = P L T =2 g T

(6) 2" — 1 =[] ®alz).

dln

0 (n=1)
(7) ®,(1) =< p (n=p";pisa prime number)
1 (otherwise)

(9) Let n =[] pi* be a prime factorization of n.
i=1

ri—1 rm —1

q)n<x):(1)p1---pm($pl TP )

3.3. Main Theorem 2

REL 2 D Alexander polynomial % 72 knot 1239 surgery 23\ >D lens
space type 127 D 372\ 30> % 78X 72 D53 Main Theorem 2 TH 5.
Notation A, (t) :=n(t—1)2+t=nt>—2n—1)t+n (n#0).
Main Theorem 2 Let K be a knot in a homology 3-sphere ¥ with its Alexan-
der polynomial Ak (t) = A, (t), and M = X(K;p/q) the result of p/q-surgery
along K where |p| > 2 and ¢ # 0. Let d (> 2) be a divisor of p, &4 a primitive
d-th root of unity, 14 : Z[t,t71]/(t? — 1) — Q(&) a homomorphism such that

Ya(t) = &4, and 7V4(M) the Reidemeister torsion associated to 1y. Then the
following (1) and (2) hold.

(1) If n < —1, then 7% (M) is not of lens space type.
(2) If |n| > 2 and d is a prime number, then T%¢(M) is not of lens space
type.
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UKD U EDN S,

Corollary 3.8. In the same assumption as Main Theorem 2, if M is of lens
space type, then
Aty =t*—t+1 (n=1).

Z DfEHIZ Theorem 3.1 DB FFRIC > T T, I H5ICBTD
Ozsvéth-Szabé [17] DFERO—EBDIRIRIC > T 5.

Theorem 3.9. (Ozsvath-Szab6 [17]) Let K be a knot in S, and M =
S3(K;p) the result of p-surgery along K where p is an integer. If M is
a lens space, then the Alexander polynomial of K is the following form

Ak (t) = +Z YIS ),

wher60<31<52<---<sm

DF D, REB2DGEICHR S &, S3 % homology 3-sphere X 1T, #
surgery % B surgery IZ }Thgﬁ LTw3

Main Theorem 1 ® Case 2 DFEH (p34) Z#Bl%Ed % L, 7¥4(M) D norm
23 lens space type 28D norm & —HT 57D DM DD S

Lemma 3.10. Let K be a knot in a homology 3-sphere ¥ with its Alexander
polynomial Ak (t), and M = X(K;p/q) the result of p/q-surgery along K
where |p| > 2 and q # 0. If M is of lens space type, then

Nqeey/a(Ar(€a) = £1 (dlp, d > 2).

Ax (&) DIREIVEEEIER Z[¢y) DT unit (Proposition 2.6 (3)) TdH % Z
EEEO TS K Ag(t) B ZZ,] DT Tunit THSH I LETHAS.

Definition 3.11. (Norm polynomial)
(Z1DEKpFMET 2 L E,

fp(n) := Nq(o)/a(An(Q))

% norm polynomial £ EFET 5. ZTHUInIZOVWTD ZRBDLIEAE 72 5.

L) =TI n(C =) = ax) =n?P®,(01)®y(a2).

i€(Z/nZ)*
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Main Theorem 2 & ) IR VWFEIRTH AU F 2R T,
Theorem 3.12. (1) If n < —1, then f,(n) # £1.
(2) If n| > 2 and p is a prime number, then f,(n) # £1.

FRZp=2D L ZE, foln)=A.(=1)=4n—-1 XD, n#£0T fo(n) # *1
&% DU, p>3%2IKET 5.

Proposition 3.13. The degree of f,(n) is p(p).

Proof A,(¢")=(1-=¢)n+¢ (i €(Z/nZ)*) 1ZnD1RXATH .y
Lemma 3.14. If p > 3, then there exists a polynomial g,(n) of n over Z
such that f,(n) = {gy(n)}*.

Proof A, (¢) = CCA,. (7).

LB CDEE, SO QU THS
C#CTED Q) QU+ =2%DT, [QC+(T) Q] = ¢(p)/2.

gp(n) := Nq(c+¢-1)/Q(0(¢))

t j—ﬂoii W, 1
£o(n), gpo(n) ZRLTFO XS IBRILTHL.
e(p) ¢(p)/2
fo(n) = Z a;n’, Z b; n’.
i=0

Lemma 3.15. a,q,) = {®,(1)}* and ap = 1.
Proof a,) = No/q((1 = ()?) = {®,(1)}*, a0 = Noiy/a(¢) =1
Lemma 3.16. f,(n) and g,(n) are alternating polynomials.
Proof
An(C)

I(¢) = C 1 —2{1 — cos(2nk/p)}n.

22T, (k,p)=1%DT, T6 DRI alternating. 4

Proof of Theorem 3.12. (1) n < —1DEZ| fy(n) > appy+ao > 1+1 =2
& b\ fp(n) 7é +1. g
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Corollary 3.17. We can take byp) 2 = ®p(1) and by = (—1)#®)/2,
Proof Lemma 3.15, Lemma 3.16 X 155415 .

Lemma 3.18. a; = 2u(p) — 2¢(p). In particular, if p is an odd prime
/2-1

number, then a; = —2p and by = (—1)¥®)/271p,
Proof a; = Z (1 o Cl>2 Q(C)ZQ(C> _ Z (<1 + C—z - 2)
i€(Z/pZ)* ¢ i€(Z/pZ)*
=2 > ¢—20().
i€(Z/pZ)*

Proposition 3.5. (3) & 0. a; = 2u(p) — 2p(p).
RFIZ pﬁ‘%‘?ﬁ?%{@ EEL a1 =2— 2(p _ 1) S

(< -+ bn+bo)? =+ 2bpbyn + b2
XD, b= (_1)50(17)/2—129' 1
Lemma 3.19. If p is a prime number, then f,(n) = n?(af — 1)(ab — 1).

wof —E-1)
Proof 700 =n(a; —1)(as—1)=A,(1)=1.y

Lemma 3.20. If p is an odd prime number, then

Proof f,(n) = nP(af —1)(ah — 1) = nP(ag — 1)P(ay — 1)P
= oy — {as — 1)} = 12 = 1 (mod (p).
2T (p) i, pTHRIND n DLIEHAER Z[n] D ideal.

Z[n]/(p) = (Z/pZ) [n] X UFD DT, f,(n) = {gy(n)}* = 1 (mod (p)) %>
5 gp(n) = +1 (mod (p)) &% 5. T,

b =0 (modp) (j=1,---,0(p)/2)

ZEWRT 5.y
Proof of Theorem 3.12. (2) p =2 DYHEIEIHKDL>TWELDT, pldak
Ed 5. Lemma 3.20 &k 0. Z LOLIHA h,(n) D3FEL T

gp(n) = pn - hy(n) + bo.
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p>3&0. f(n)==£1& hy(n) = 0I1FHE.

N
hy(n) = Z cpnk
k=0

E3 5L %, Corollary 3.17, Lemma 3.18 X ), ey =1,c9 = £1. TN D,
hp(n) =07 5613, n==1. (@EEEED) £>Tin| >2D L E, hy(n) #0.
EEN fp(n) 7é +1. g

B 21X, hz(n) =1, hs(n) = n—1, hy(n) = (n — 1), hi(n) = (n —
1)(n® —4n? + 3n — 1).
Corollary 3.21. Let K be a knot in a homology 3-sphere ¥ with its Alexander
polynomial Ak (t), and M = X(K;p/q) the result of p/q-surgery along K
where |p| > 2 and q¢ # 0. If Ag(t) can be divided by A, (t) (n # 0,1), then
M is not of lens space type.

Proof N(Ak(¢)) 13 N(A,(Q)) THID YT, N(A,(Q) #+£1TH 3.y

Question 3.22. If X(K;p/q) is of lens space type, then is Ak (t) a product
of cyclotomic polynomials ¢

¥ o2 Question IZ L TEZ 26BN, Zncidkblnrd 3. K
% (—2,3,7)-pretzel knot &9 % (Figure 10). Fintushel-Stern[4] iCX D, K
29 18-, 19-surgery %5 lens space 12725 Z EBHIS TV 5. & 2 ADS,

A(t) =t -7 +1t7 -5+ 65—t 442 —t + 1
1Z Z L irreducible 7253, 1 DXFRZRICF; 72D TRPITH % (cf. [9)).

~

'\'(\"(E)

&

Figure 10: (-2, 3, 7)-pretzel knot

4. Generalizations and Applications

COBEIFHBIETVELEEET. TuERA.
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