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ABSTRACT. A correspondence between braids on the 2-disk and those on the
2-sphere is naturally induced from the inclusion map of the 2-disk into the 2-
sphere. A natural necessary condition for a pseudo-Anosov braid on the 2-disk
so that the corresponding braid on 2-sphere is also pseudo-Anosov. It is shown

that this condition is not sufficient in general.

1. PRELIMINARY

The main subject of this talk is the natural correspondence between braids on
the 2-disk and those on the 2-sphere. Let b be an n-braid on D? with n > 3. A
correspondence between braids on D? and those on S2 is naturally induced from
the inclusion map of D? into S2. We denote by b the braid on S2 corresponding to

b. Then it is natural to ask:
Question 1. What happens under this correspondence?

For example it has been determined which braids on D? become trivial under
the correspondence. Please refer to [1] and [8] for the theory of braids.
In this talk, we concentrate our focus on the behavior of the Nielsen- Thurston

type under the correspondence.

1.1. Nielsen-Thurston type. In the following, we give a rough explanation on
the Nielsen-Thurston types of braids.

First recall that the definition for surface automorphisms. Let X, ,; denote a
compact orientable surface of genus g with p distinguished points and b boundary

components.
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Definition 1 ([11]; [3], [2]). An orientation preserving homeomorphism of X ,;
is;

(1) periodic if whose some power is equal to the identity,

(2) reducible if it leaves an essential 1-submanifold of ¥, ,; invariant (a 1-
submanifold of X ;5 is called essential if each component is homotopically
non-trivial and not boundary-parallel, and no two components are homo-
topic),

(3) pseudo-Anosov if for the map f, there exist a pair of transverse mea-
sured foliations (F*,u®), (F*,p*) such that f(F*®, p°) = (F*%, A\u®) and
FF u®) = (Fu, A" tu") for some A > 1.

Mainly due to Nielsen and Thurston, the following trichotomy has been estab-
lished.

Fact 1 (Nielsen-Thurston classification ([11]. see also [3] or [2].)). Suppose that
29—2+p+b> 0 holds. Then any orientation preserving homeomorphism of X4 pp

is isotopic to a periodic map, a reducible map, or a pseudo-Anosove map.

Remark that this trichotomy is invariant under conjugation.

Now we give a definition of the Nielsen-Thurston types of braids.

Definition 2. Let b be an n-braid either on the 2-disk D? or on the 2-sphere S?2
with n > 3.
e There exists a horizontal-level preserving homeomorphism ® of D? x [0, 1]
or S2 x [0, 1] such that ®(x,1) = (x,1) and ®(b) become the trivial braid.
Then ®|p2y oy or ®|g2 40y yields a homeomorphism of D2 or S2, which is
determined up to isotopy. We call this homeomorphism the homeomorphism
associated to b and denote it by fp.
e The braid b is periodic, reducible, or pseudo-Anosov if f, is isotopic to a

periodic map, a reducible map, or a pseudo-Anosov map, respectively.

It can be easily seen that
e if a braid b on D? is periodic, then the corresponding braid b on S2 is
periodic,
e if a braid b on D? is reducible, then the corresponding braid bon S? is
reducible or b is equivalent to a conjugate of a braid which has one isolated
string.

Therefore the following question arise.

Question 2. For which pseudo-Anosov braid b on D2, is (not) the corresponding

braid b on S2 pseudo-Anosov?



1.2. Problem. Concerning this question, the next observation was given by J. Los

(in private communication).

Fact 2 ([7]). Let b be a pseudo-Anosov braid on D2. If the corresponding braid
b on S2 is NOT pseudo-Anosov, then the invariant measured foliation of f, has a

1-prong singularity on the boundary OD?2.
For example, we have the following for 3-braids on D?,

Fact 3 ([9], see also [10]). Let b be a 3-braid on D2.
(1) The corresponding braid b of S? is always periodic, in particular, is not
pseudo-Anosov.
(2) The braid b is pseudo-Anosov if and only if it is conjugate to a braid
(0102)%kP(oy Y, 09) for some integer k and a positive word P.
(3) When b is pseudo-Anosov, then the invariant measured foliation of fy has

a 1-prong singularity on the boundary 0D?2.

In the fact above, o1, ...,0,_1 denote the standard Artin generators of n-braids
on D2,

Thus the next problem can be considered.

Question 3. Is the converse of Fact 2 true? That is, for a pseudo-Anosov braid
b on D2, if the invariant measured foliation of f, has a 1-prong singularity on the

boundary OD?, then is the corresponding braid b on S? not pseudo-Anosov?

2. RESULTS
Our main result is as follows: Question 3 is negatively answered.
Theorem. Let b, be the n-braid on D? given by
0109 - ..gk(gk+1)—1 e (O_nfl)_l

where n >4 and 1 <k <n— 2.

(1) The braid b,y is pseudo-Anosov for alln >4 and 1 <k <n — 2.

(2) The invariant measured foliation of f, , has a 1-prong singularity on the
boundary OD?2.

(3) The braid m on S? is periodic if and only if n is odd and k = (n —1)/2.

(4) The braid I;z\k on S? is reducible if and only if n is even and k = (n —

2)/2,n/2.

Corollary. Let b, ;. be the n-braid on D?2 as in Theorem 2. Then the corresponding

braid l;l\k on S? is not pseudo-Anosov if and only if k = (n —2)/2,(n —1)/2,n/2.
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We end this note by giving some keys to our proof.

(1) and (2) These are achieved by actual constructions of invariant transverse

measured foliations for f,, ,. Essentially this was done in [5].

the ‘if’ part of (3) and (4) One can check these part by ‘hand’; by drawing and

manipulating figures.

the ‘only if’ part of (3) The fact we use here is: if m on S? is periodic, then

it is conjugate to the braid presented by
(01502E T Jn72€0—n715)m

where ¢ = 1 or —1, and m € Z. Then the assertion follows from [8, Chap. 11,
Proposition 2.3].

the ‘only if’ part of (4) By identifying S? x {0} and S% x {1} of §% x [0, 1], we
obtain a knot @ from bn/\k in S? x S'. Note that if bn/\k on S? is reducible, then
the complement S2 x [0, 1] \I?;L\k contains an essential torus.

Let L, j be the 2-component link in the 3-sphere represented as the closure of
the (n + 1)-braid

0109 Op_10p 0102 O (0h1) "  (On_1) ™t OnOpy -+ 0207,

Then it is easily seen that the complement S2 x [0,1] \ I?; is homeomorphic
to the 3-manifold which is obtained by 0-Dehn filling on one component of L, j.
Thus it suffices to study the toroidal Dehn surgeries on one component of L, j.
Moreover we note that the link L,, j is a two-bridge link: It has the Conway form
C(2n—2k—1,2k+1). Then, based on the work [4], we can show that 0-Dehn filling
on one component of L, j is toroidal if and only if n is even and k = (n—2)/2,n/2.

We remark that similar results were obtained in [6] independently.
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