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1.1 000000 Representation [ Character

G U representation variety R(G) 00O

R(G) = Hom(G,SLsC)
= {(AlvAn)e(SlQ(C)n | ’I“j(Al,...

JAp)=1for 1 <j <1}
0000000000 C* 000000 algebraicset D000
R(G)>pO0000Tr(p): G—CO Tr(p)(g) =trace(p(g)) for g € GO
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Tr:R(G) — Tr(R(G)) =: X(G) Cc Hom(G,C)

OO0p—Tr(p) 0000000000
00 1 (Culler-Shalen [7]). X(G) O variety 0000

00 X(G)O GO character variety 00 00O
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O00G>~0000¢t,: R(G) — C O t,(p) = trace(p(vy)) for y € GO
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00000000000 00D00D00O0 trace identity 00O 0O
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’trace(AB) + trace(AB™Y) = trace(A) - trace(B) ‘
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t: R(G)—-C™

O pr— (ty,(p),...,ty,.(p) 00O DOOO0D00O00ODO Image(t) = X(G) OO

000000000000 t: R(G) — X(G)0O regular map 00000
X(G) =t(R(G)) O algebraicset 000000000000 0OOO

1.3 Character variety [ [

0L G=m(T?)=(m|lm=ml) 000000000 {ti,tm,tim} 0T
00000000000z =t,y=tm,2=4, 00000

{(z,y,2) €C? | 2* +y* + 2% —2yz — 4 =0} D X(m (T?))
0000000000Op€ R(m(T?)0000p(1)0 p(m)00000000

L(p)+ L™ (p),
M(p) + M~ (p),
L(p)M(p) + L~ (p)M~*(p)

ti(p)
tm(p)
tlm (p)



00000D0000MmMO000L(p) 0 M(p) O p(l) 0 p(m) 00000
0MO000X(m(T?)00

X(mi(T?)) = {(ti(p)s tm(p), tim(p)) € C* | p € R(mi(T?))}

0000000000000 00{(z,y,2) € C® | 22 +y*+22—ayz—4 =0}
0000 m(T?) 0 SL,C-0D00000000O00

{:c2 +yP 422 —ayz—4= 0} = X(7r1(T2))
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00000000000000S={f,...,f,}0000

(5) = {Z hi fi
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O00GO character variety X(G)OOOOODOOOO

Clzy,x2,...,z,]/(X(G)DOODODO)

OmO 120000 7T000000x(G)0000O00OOOO
0O.0000vcCroOoono

{f€eClx1, - ,zn] | f(x) =0 for Vo € V}
0OI(V)DOUOVUOidealDOOOOOOOOOOOOO x(G)OOOOO
C[I17I27,:L'm]/I(X(G))

godddooodooooooooooooomoboooooooa [2]
0000 Clzy, z2,...,2,]/I(X(G)) O X(G) O coordinate ring 0 0 0 O

2 A-polynomial

O00KDODDDODOD S*000000N(K)O K O open tubular nbd
000000Gkxk=m(S*—N(K)DOOODODOOOOOO0O0000000O

R(Gx) —— R(m(1?)
X(Gk) d X(m1(T?))

induced map
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0000m(T?) =(,m|lm=ml)0000

A:z{p <p<1>,p<m>>=<(§ LO><AO4 MO_1>>,L,M6<C—{0}}

ooooag
t:R(m(T?) - X(m(T?)0 ADOOD HaOD0OD0 1000000000
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tlalp) = (L+L " M+M ' LM+ L 'M")

goog

oooooon

00000000 (p(),p(m)) 000000 (1,1)-0000000000
000 j:A — (C—{0})>0000p : (C—{0})?* — X(m(T?) 00
pi=tlaoj '00000000O0O0O0000VC(C—{0})*0000c(V)
OvocCc’oDoooooooon
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X(Gr) — e X (m(T?))
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00 2 (CCGLS [4]). cl (p~'(Image(7))) 00C* 00 algebraic set 00
0000000 drreducible component O dime < 10

000000 I(c(p~*(Image(F)))) CcC[L,M]O0000 1000000
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000MO00000 (f)00000000000000000000(8]0
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3 Kauffman bracket skein module

00000M O compact orientable 3-manifold O 0 O O

Clt,t 1L 00M 00 framed link'0 isotopy class 0000 0O C[t, ¢t 1]-
module 00 00PDOO0O0D0OOOODOOM

00000 M 0O Kauffman bracket skein module K;(M) 00O

Ki(M) := C[t,t = Lar/S(M)

0000000000 S(M)0000 Kauffman bracket skein relations? O
000o0ooo Clt,t1)-submodule 0000

Kauffman bracket skein relations

R =100+

Lu() =(--t?L

00000000 0Kauffmann bracket skein module 0 KBSM 0O 0O 0O
ooo
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gobooboooboobooobgon

oo 1.
(Ag(L, M)y = <Ez 0 L(KBTH)>
1-dim
000000001-dmD 10000000000000000000000
V*000000 radical 0000

00000 d:C[L, L~ M,M~] — C[L,M] O Ooperator ¢/ 0000
00000000000: CIL, L~ MM > f=3,,f;LI'M’ 0000
degy,(f) := min{{i | fi; # 0},0},degy/(f) := min{{j | fi; # 0},0} OO0
ooo

gl(f) — L*degL(f)M*degM(f)f.

0 KBSMOOOOOOOOOOO0O0O0O000,000000000000
0000000 p 00200 p: (C—{0})? > X (7 (T?) 0000 dual O
00000000006, 0000000000

M OO framed link 00000000 annulus O disjoint union 0 M 00000000
oooooo
2diagram 000000000 [21 0000
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(1) KBSM K_1(S3 = N(K))OK_1(T? x I) O algebra0 0000000
oluoooo

(2) 00, 00000%; 0 well-definedness 0000000
(3) 00DD00000DO
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4.1 KBSM O algebra [0 [

KBSM K_;(S% — N(K)) OO O framed link O disjoint union® 000 00
000K (T?x)D00I0000 framed link 00000000000
ggododubt=—-1000000000O0O0O00OO0ObDDbUOOoObbDObLb
0400000000000000Dt00000000 A-0D0D0D ‘000
0’0000000000o0mOoooo 1joood

O00K_((T?x1)0000H,(T?) 0000 meridian longitude 0 0 O
gooooooood

T? x I D T? x {1} — 9(S® — N(K))
00000000000000000000000000000°50
IM:K_(T* x I) — K_1(S® — N(K))

googd

300200 framed link 0000 S - K OOOOOOOOODOOOOO200 framed
link O disjoint union 000000000 S —KOOOOOOOOOOOOOO

44 = -1 0000 Kauffman bracket skein relation 0000 000000000000OO
J0000o0o0o0o0000ooooooOoOoOooooooon

SK_1(T? x 1) O K_1(S® — K) O empty link g 0000000000



4.2 ¢, 0000 well-definedness

0000000 NOOE(K) =S8 N(K)DOOOOT?xI00000
0000000 m(N)QO character variety X (71 (N)) O OO0 x(m (V) O
oood

O0O0K_1(N) > K: framed knot 00 00K ODOOOOOOOOOO
0000000000 freely homotopic 0 v € m(N)ODOOOODOOOO
tk : X(m(N)) — COO0tr(x,) = ty(p) (= trace(p(v))) DOOOODO
O000y,0 pO characted 0000 tx € x(m(N) 0000000000
AeSL,COOOO

trace(A) = trace(A™")

00000000t 0 KOOODDOODOOOOD0O0O00000000000
®: K1 (N) = x(m(N))

0000 framed knot 00 K — —tx OO0O00O0DO0O0O framed link O
O000O0Oalgebra OO0 ODOD0DOODODODODOODOOnRODOO framed link
L=K U---UK,0000

o(L) =[] oK)
=1

gboobooboooobooooboobooonog

00 2 (Bullock [3]). @ : K_1(N) — x(m(N)) O well-defined 0 0 0 O
algebra 00 000000 algebra 0 O

®: K_1(N)/V0 — x(m(N))/V0
000000000000 nil-radicald

O00ON=T?xI00000K_(T*xI)00x(m(T?x1))0000
O nil-radical D OO0 O OalgebraO 000

By K_((T? x I) — x(m (T? x )
00000000000

00 20 well-definedness 000 000. KBSMK_(N)OOOODOOVx, €
X(m(N)DOOoOODO

L+ Lo+ Loo)(xp) =0, (O +2)(x,) =0

00000000000 LO0Ly0 L, 000000 Kauffman bracket skein
relation 0 00 00O framed linksO
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®( O +2)(xp) = ( O)(xp) +28(0)(x,) = —trace(p(e)) +2 =0

goooog
000000000LO00000 m(N)OD%0 «b00000Le0 L, O
00000000000Oaeub0aed~t 0000

L Lo L
P > ( X
""" ab T oaub Toat

000000p(a)=:A0p(b)=BOOO0D0DO

®(L + Lo + Loo)(Xp)
= (L) (xp) + P(Lo)(xp) + P(Loo) ()
= (=ta(xp)) + (=ta(Xp)) (=to(xp)) + (—tar-1(Xp))
= —tan(Xp) + ta(Xp)to(Xp) = tar—1(Xp)
— —trace(pla)p(b)) + trace(p(a))trace(p(h)) — trace(p(a)o(b) ")
= —trace(AB) + trace(A)trace(B) — trace(AB™")

00000000 trace identity 0D 0O000OO O

4.3 001000000

0000 character variety 00000000000 ODOOOOOODOO
gpoooooogo
X(m(E(K)) - X(m(T?) & (C - {0})? <

Xm(B(K) <= x(m(T?) £ clL, L=t MM <5 L, M]

000070 dual map 7 O

7 () = f(7(x)) for x € X(m(E(K)), f € x(m(T?))

goooooo
gobooboooga

(Ag (L, M)) = \/<Ez o p*(Ker f*)>

1-dim

6L O freely homotopic 0 w1 (N)00O04.20000
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oo 3.
Vker i = ker 7y = & (Ker Iy) = q’l(\/m)

uobbobooor,Dl 00/ 0H0000000000000

oboooboz2000000000000000O00000

X (B(K) VO —2—  x(m(T?))

¢Jg

K_1(E(K))/V0 2 K_(T% x I

R

5 KBSM K_(T* x I)0 algebra [

000000 100000A-00000000000000000000
IM:K_1(T?xI) — K_1(S3 = N(K)) O kernel 000000000000
000¢:K(T?x1) - C[L, L™, M,M~'] 0000000000000
ooooooon

000000000K4(T?2x])00000000000000

oo 2.
K_1(T? x I) = spanc {(p,q) | p € Z>0.q € Z}

0000O(p,q) 00O(p,q)-torus link on T? x {1/2} with torus framing’0 0 0O

oboooOoboobooobobobooboobooooboooobooono
gooooobooooooobooooooo

To(z) =2, Ti(z) =2, Tnia(2)=2Tht1(2) —Tn(z)
O00peZsOgezODOOOOn=ged(p,q) 000000

(0, @)1 = Tn((p/n,q/n)) € spanc {(p,q) | p € Zx0,q € L}

00000000(0,0)r :=(0,0000000K_(T?xI)00000000
(P, ¢)* 0O (p',¢)torus knot 0 k0O O0000O0DODO
000000000000d

o0 3.
K_1(T? x I) = spanc {(p,q)r | p € Z0,q € Z}

0000000 framed link O torus T2 x {1/2} 00000000 framing 00000
0 [2] 00O blackboard framing 00000000000
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0000000000000

(p, Q)1 — (_1)pq+p+q (Lqu + L—pM—q)
oooooogoooo

(ps @) * (r,8)p == (=) ((p+r,q+s)r+(p—71,9—95)7)
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