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Abstract

Firstly, we give the definition of the Reidemeister torsion, and explain
basic properties, following V. G. Turaev [22], [23], [24]. Secondly, we consider
the Reidemeister torsion of a homology lens space, which is the result of p/q-
surgery along a knot K in a homology 3-sphere >. We denote the homology
lens space by 3X(K; p/q). Main Theorem 1 is the case that K is a torus knot in
S3. Main Theorem 2 is the case that the Alexander polynomial of K, Ag(t),
is degree 2. We judge when the homology lens spaces are homeomorphic to
lens spaces by using the Reidemeister torsion.

Statement of Main Theorems
Some terms will be explained later. We state our two main theorems.

Theorem (Moser [14]; Gordon [8]; Shimozawa [21]) Let K, be the (r,s)-
torus knot in S®, and M = S*(K,s;p/q) the result of p/q-surgery along K,
where |pl, ||, |s| > 2 and q # 0. Then there are three cases :

(1) If |[p—qrs| # 0, then M is a Seifert fibered space with three singular fibers
of multiplicities |r|, |s| and |p — qrs|. In particular,

(2) if |p— qrs| =1, then M is the lens space L(p, qr*) (Figure 1).

(3) If [p — qrs| = 0 (p/q = rs), then M is the connected sum of two lens
spaces, L(r, s)EL(s, ).

We denote that




where (r, s) is the greatest common divisor of  and s. (r,s) = 1 means that
r and s are coprime integers.

M L(S, '1)

Figure 1: the result of surgery is a lens space

Main Theorem 1 Let K, ((r,s) = 1) be a knot in a homology 3-sphere
Y with its Alezander polynomial A, 4(t), and M = (K, s;p/q) the result of
p/q-surgery along K, where |p|,|r|,|s| > 2 and ¢ # 0. Then M is of lens
space type if and only if the following (1) and (2) holds.

(1) (o) =1, (p,s) =1,

(2) (i) grs = £1 (mod p), or
(ii) r = £1 (mod p) or s = £1 (mod p).

Theorem (Goda-Teragaito [7]) Let K be a genus 1 knot in S®. If a rational
surgery along K yields a lens space, then K is the trefoil.

We denote that
A(t)i=nt—1)2+t=nt>—2n—-Dt+n (n#0).

Main Theorem 2 Let K be a knot in a homology 3-sphere 3 with its Alexan-
der polynomial Ak (t) = A, (t), and M = X(K;p/q) the result of p/q-surgery
along K where |p| > 2 and q # 0. Let £ be a primitive d-th root of unity,
g L7/ (tP — 1) — Q(&) a homomorphism such that 14(t) = &4 where
d (> 2) is a divisor of p, and TV4(M) the Reidemeister torsion associated to
4. Then the following (1) and (2) holds.

(1) If n < —1, then 7¥»(M) is not of lens space type.
(2) If In] > 2 and d is a prime number, then TV4(M) is of lens space type.

The result leads to the following corollary.
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Corollary Let K be a knot in a homology 3-sphere ¥ with its Alexander
polynomial Ak (t) = A,(t), and M = X(K;p/q) the result of p/q-surgery
along K where |p| > 2 and q # 0. If M is of lens space type, then

Ag(t)=t*—t+1 (n=1).

Applications and generalizations of the theorems will be explained in the

talk.

1 Definition of Reidemeister torsion
1.1 Reidemeister torsion of chain complex
1.2 Reidemeister torsion of CW-complex
1.3 Milnor torsion and the Alexander polynomial
1.4 Examples

2 Rational surgery along a torus knot
2.1 Moser’s Theorem
2.2 Main Theorem 1

3 Rational surgery along a genus 1 knot
3.1 Goda-Teragaito’s Theorem
3.2 Cyclotomic polynomial
3.3 Main Theorem 2

4 Generalizations and Applications
4.1 Ozsvath-Szabd polynomial
4.2 Generalization of Main Theorem 1
4.3 Generalization of Main Theorem 2
4.4 Rational surgery along a pretzel knot
4.5 Application to Fox’s Theorem



Terminology

e | Reidemeister torsion | (7(C,),7#(C,), 7(X),79(X)) : 000 RO finitely
generated free chain complex C, 00000 invariant OO0 OO0 O00O. OO0
r7(C,)000.00 RODOUDUOOOD. D000OOODOOODOOOOOO
O00000. 0 RO integral domainO0 00 O00000O0O. O RODODO
000000000000 ¢: R— ROO000OO invariant 7¢(C,) 00O
OO00000. 000000000000 0000. 0000 R 0O invariant
O00O0000O0000O. 0000 Reidemeister torsion 0 O O .

O 0O O Reidemeister torsion O [ finite CW-complex X 00000000
0. X O cell decompositionJ O O OO0 chain complex OO OOO. OO
O 0O Reidemeister torsion 0 0 0000000000000 O0OOOXOO
O O covering space X O cell decomposition 000 0 O O chain complex 0
Reidemeister torsion 0000 0. 00000 X 00 000 maximal abelian
covering0 00000 . H = H{(X;Z)0O covering transformation group 0 O
00X 00O chain complex C,.(X)0 0O HOO OO OO OZ[H]-chain complex
OO00D00O. OO0 Reidemeister torsion J X [0 Reidemeister torsion O O [ [J
7(X)OOO. 0000000 ¢p:ZH - ROODODOO »(X)OOOO
0000000000 o0o0ono. boo0obD0 invariant 0O OOODOOO.
+to(H)DOOODODDOOOOOOO. Alexander polynomial Ag(¢) OO £t
ooooOoobobobooobgooo. ocbobooooo “cooooo”
O000O0o0ooOooooooooo.

O‘Homologylensspace‘(M:Z(K;p/q)): O000booo0o0300000 M
O homology lens space 000000 H(M;Z) 000000 Z/pZ0O0O0O0O
O0.00000p>2, pFocodDOOD0O.

0 0O 0O homology lens space M 0O 0 OO homology 3-sphere ¥ 0 0 0 O
Oknot KOOODOOOO p/gswrgery OO O0OD0OOOOOOOO. OO
O0|p| >2,¢q#0. 000 M =%(K;p/q)000.

o‘Lensspacetype‘: Lens space L(p,q) 0 10000000000 OODO ¢t
000. 0O000H = H(L(p,q);Z) = (t) = Z/pZ. 0 1000 d000
00.0000d(>2)0p000. 000 vg: Z[H — Q&) O valt) = &
0000000000, 00000%(L(p,q) = (&4— 1)1 —1)"100
O.0000¢gg=1 (modp).
(01000,0000000000000 Q)OO a0 lens space
type 000000a==x"("—-1)" (¢ -1 ((i,n) =1, (j,n)=1)000
O000000. a00O0O lens space 0 Reidemeister torsion O 0O 0O O O .
Homology lens space M = 3(K;p/q) 0 10 000000000000
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t000. O000H =H(M;Z)=(t)y=2Z/pZ. ¢,0 1000 d0000
0.0000d((>2)0p000. 000 v¢g:Z[H]— Q&) O ¥g(t) =& 0
000000000.000000000400000 7%(M)O lens space
type DO OOOOMOOOOO lens space typed 0O . 00O Reidemeister
torsiond O lensspace OO0 000000000 OOOOOOOODOOOODO
Oo0.

e|0000D0D000 |(Ngjq(e): K/QD QDOODODO Galois0 0 D000,
KOO a0 QOOUO000 Nge)DOODOOODOODODO.

Niqla) = I o(a)

ocGal (K/Q)

O0000Gal(K/Q) O GaloisOO K/QUO GaloisOOOO. «aDOOOOO
UOmonicUUOUOUOOUOOOOOUOO £1O000O0OOODO.
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