Bounds on distances between boundary slopes
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#"=

BRIt — 7 2D 3RIUEGIRENORE N %% 2. Z DBR A v — 7 Dk
DFHiiZEZ %5, W DPDHISN TV SFEROMANDD & HLD Culler-Shalen
DFGER [7) DIFEFL. KO, Seifert fibered space (2B 2 Bif 2 0 — 7° D F¥Hifi % #e i
5,

1 HSNTWBHER

AHEITlE, BEADYF— 7 A E T AlRE 3 Rou%kkikz M L L. M I proper IZ
HOAEFNIZANITA Y P E Y 7 ThOEE 2 ARE W (RE=r-injective 2>
BRI TR & P Fy, £ 7% (BRAETE. M OWERITED Fy O E A 7]
BEME 2 &, ML IRELTVRWY), s 2 F, OBR20—7 m; % F, DR OA
B.oxiZ FOAA 7—BHETS (i=1,2), 51, FPASMIAEER L ZZ, g
= F oKL T 5, (i=1,2),

DT, M®F,REICOAVAREZDT TSN, A= A(s1,82) D miv Xi
(L IEg) 1I2&3EdsnifiziEnd s,

1.1
EFTROMRI D SMHOZ 2 LITT 5,

EE 1 ([9, Theorem 1.1] ). g; = 0,i = 1,2 (D F Y. F, »¥ planar) 7% 513F,
A <4,

AEHIX. W F T Gordon-Luecke JiiD 7' 7 7 Digiw <. o DOMORbH Y D
7 7 DfEFTE (IZL®HT?) fTo T3, 3TIC, 2OFT (WETWI) Scharlemann
cycle MfibILTW 5,

DI, A7 — > Fifiowfzeh <, (EREMIIEFICRBITHWS) Ar—70
FHEDY, FIZ x; > 0 DBEMELNTE L, L, ZN6DfFRIEHEFTT—>
FMOMETH> T, WEEBZ TS K I & A DFHBICIERT 250E (HS I H
TLRLLEDIL) XS bhsRnE,

FoEDLTWwaAHIELTIE, 2EZIFTROEHNDH B,

1#12 Gordon-Luecke 12 X > THE MR SN
2IEMEICIE THRTW R, TF



EHE 2 ([8, Theorem 1.1] ). M 3T, ¢;=1(i=1,2) £§5E, A<8 &
512, 42DBIRZERCTIE A<5THD, ZhsofiftbEaicitdans,

ST, 9 oHTh, BRCRD L) MBI ESNTWw 5,

EI 3 ( [9, Proposition 6.1] ). M 2% cable space M E L TEHERVET
%, F; DA EMTARE (1 = 1,2), BT, go=08ET 2 &,

A<6M
mq

DIRAL
SIS 9] DFEE VT, HHOELREZ L 7DBRD 2 ODFERTH 5,

EHE 4 ( [18, Theorem 1] ). M WY TAREN T =2 7 A% &£k E L, F; IE1A
ST >1 (1=1,2), 2DLE,

A <36(2g1 —1)(2g2 — 1)
DI,

Z DOFERIE. 9, Proposition 6.1] DFiEE Z D F FREICH TS,
—H. RTlEm; T TERBICANTER., fHEBEL BoTWw 3,

FEE 5 ([17, Theorem 5.2] ). M D3RI TARENT =27 A2 & E R wEL, F &
MEMITARET g > g0 (i=1,2), TDEE,

A <18(2¢91 +1)(g2 +1)
DAL, FRIZ, m; > 2 (i =1,2) & 5lE,

A<18(gi +1)(g2+ 1)
DAL

b LD T F, BARENZREE T, 2O Y TIPAKENZIKEL T3 (b
& T Heegaard surfaces D3O Y ZFARD 7 D), fit>T. M B E W IREIZA-
Tokhwhs, —ficid, F BAENCR DS X924 Y b =7 2R, M BEEHID
REDBEN 7 5,

ERt N NI Rt SN

A<18<291+1> <292+1>
miq mo

&) s 5,

1.2

—HT, 777 %2fiolilAbbain e 134 B o oy Rmny e OB BTy
%) HETHRONZLDPRDOMERTH 5,



I 6 ( cf. [11, Theorem 4.5] ). M DiH5fii A BURONMGH it 2 7P L
Xi<0(i=1,2)., COEE,

A< @O bal el -y chal bl

3.35 mi1 mo mi Mo
7b§}izjo

ZORIRTIE, F; 13 immersed TRV, DF 0, AHMWICS X TOMBLIZRL 2,

Fre, X [11] 12, EEEZ O TIEFH O TL R, @ T, F; 230 E 1) ilag 2
REL T g; TOFHMliZ 5 2T\ 225, HDiEHZFET &, minimal surface DFETE & |
A A=KV 3 DEMPAKERN DT, [ E M AREE ISR E23bdr 5,

b 7o A DBl 3.35 (X, Cao-Meyerhoff 28 (2 Ea—4%%ffioT) B
single cusped hyperbolic 3-manifold ® maximal cusp DIHFEDHR/IMHE,

X 512, minimal surface DfU# D IT pleated surface Z V>, 7 2A—HR ¥ 2Dfb
D12 surface L@ circle packing @  density IZBIT 2 #EREZMHH &, Z DFEiiD 27
I$612TES, Z4h8 Agol 2%, bW 3 2r-theorem % 6-theorem IZKE L 7 & &
D, L >7=T7 AT 47 [2, Theorem 5.1] TH % (Lackenby b FIERDFER [15] %215
Tw3), ZHuzkh,

A < 38 ballxl - 43 pal bl

— 3.35 m; mao 4 my mo

W) FHlinRF S5 N5,

1.3

£ minimal surface AV A =Ry 2 &2 FHHLTIC, HLEERTT 7 7 2IEHL &
TWVREDBRDIERTH 5,

EE 7 ([4, Corollary 6.2.5] ). M % simple (WERITH A 7 —FEFEADOARE K
ME&EETIAL 720 P SRIETR) &L, F 2SI AEET, Fy 25 semi-fiber
THOVERET S (semi-fiber IZOWTIEXE L), D& X,

A< (491 =3 +3> ([1292 - 12] +6)
mq ma

ZOEHT Fy 1Z immersed TR, 2 F D, ZO#@CTE, HOHIADS immersed
DEGEDT 7 7 Difim’ 2 f1> T b, F, XifilKidR % reduced homotopy D& X
D (k26 o) Gl ([4, Theorem 5.4.1]) 23 EZH>TWw3 (k97),

DIKAL,

1.4

SECOFHIIZET (BX%) MBI T2 RO TH o7, Fif, XD
HlRZ A1) 2 & FBUCB L TRYE il 235 o e D THIE T %,

3% EBFEFIMTERALI LRV, boLAISGNTH BHINTD) ROFRLZ &S



EE 8. M OWNIB T A BRARE MG RZFTFAEL. xv» <0 (G = 1,2), 51T,
A(m,s1) =A(m, s2) =1 2220 =7 mDPEFEET 5% 513,

azo(lul, bel)
mi ma

N AVRVASN

EE 9. M 2583 N OHD/RZERT, F; 3% DECTHD spanning surface (53
DRETG 1 DE I ERETEANZOFEOHICR 2D D) »oFEINTHS LT 5,

ZDEE,
A<2<M”+hﬂ>+4
mq mo

N AVRYASN

NS DFHETH, F; lx immersed TR,

EBL 8 DFEMIZ. cusped hyperbolic manifold @ waist size D 2> 5 O [1,
Lemma 2.4] Zfi> T, & & IZ=ANEXZITTH 5,

EH 9 DFEHIZ, 4Rt h AP — (LI, 2R HEER) @ Whitney-
Massey DEH ([16]. [13]) ZHH T %,

EHIDRELT, XbFoN5,

F 10. M 532 W6H5 OV H D /MRAEM % 5 1F,

sea(lul ul)

N m ma
NI A RYASN

COFMRIE. 3EITRA XS, XD —MTRY LoD B,

2 Culler-Shalen OfEEICDWT
RDOED 1) DEFRER (D 12) TH 5,

EHE 11 ([7, Corollary 7.6]). M % non-exceptional two-surface knot manifold &
L. Fi. B, %2, HWIZA Y FEY 7 T4\ connected strict essential surfaces embedded
inM ET 5%, s; % F, DERAT—7 m; % F; DBEFRBIOARE, L35 (i=1,2),
T2E,i=1,2IZRL T,

_mamaA(sy, s2)

x(Fi) > 5
DAL, HEWZ L L, i=1,21TxL T,
2|X(Fz)| S A(S1,82)
mims

DIKAL,

. BTN % EB 12 X 0. x(F;) < 0 DAL,



2.1

DU, EH 11 CTHTE-HEZBIHT 5,
ER N TS LR

EE 1 ([7,1.12]). M Z2BEY, 1M S ARE 3 RICEARIE L T 5, M ND two-sided
properly embedded surface F© T, mi-injective, 2>, without 2-sphere components,
without boundary-parallel components Db D% ., ZRERBAE (essential surface)
k 2] 3) o

. two-sided ZIKEL T35 Z EIZHRE, T “surface” Z. 2-dim. manifold DR
Tffio> T, HFHIIKEL Ty (LK975),

EE 2 ([7, 1.15])). FEAEDD =7 ATHR, 287 b, M E AT AR 3 X0t
SRz M L. M NOERZARENNZ F L9 2%,
() MBS ED7 747 =2 a v 2B L, FRZDT7 74 3—128> T 5,
ERMEN
(2) M 7322 twisted I-bundles DN >TWT, F 232 OB > T 5,
£ &, F % semi-fiber & W5,

B AL DY semi-fiber TR WAEMHIAIZ strict essential surface &\>9,

. VbW % Culler-Shalen HETld., Z DREALD> S, strict essential surface DA%
FICHD P> TE /-, L LEH 11 T “strict” DIREBD2L DIE, 51, HETT
T < % reduced homotopy DD HTHMBELEDLSTH 5,

RIZHRRIZ DN T,

EE 3 ([7, 1.13]). HifH (1 20) b —=F 2 THZHHE, 287 b [WE T8
3 KL% A% knot manifold &> 9,

EE 4 ([7, Definition 6.9]). 727>72%>2 2 connected strict essential surfaces D
AV FE=HLD»IHFA L %07 knot manifold % two-surface knot manifold
LIRS,

EE 12 ([7, Theorem 6.7]). M % two-surface knot manifold &9 %,

1. &L M D% connected strict essential surfaces DAY FPE—FHE Fo>%CHFAL
BV 6IE, MIZV Yy FF—=9A07 74 VK MV LED twisted I-bundle,

2. b L M Db k9 ELDD connected strict essential surfaces DAY +F E—H%
HAETEH61E MIBTA A E2O00RR7 7AN—2bO2F L 72V %
BRiA,

3. MDPH ) E 22D connected strict essential surfaces DA b ¥ —JH% 5%
T2EL, ZNoE2EHTHHHE [, Fo £ 75,

(a) M 3 exceptional graph manifold
(i.e., M 1%, (1)  cable space &7 74 VK bV LD twisted I-bundle D
union, E7:1%. (2) (a pair of pants)x St D 2 ODEHET D b
EbD, THA 7 2V FEREETHE VLD [7, 6.3))
ER =N



(b) M ¥ hyperbolic T, Fy, Fo \($EADA A 7 —BHEFHE, 0D, 2060
ﬁXCI‘—j’Li%&ZJo

DBTNPITR D,

EE 5. two-surface knot manifold T, EH 12 D 3(b) DEFED D D% non-exceptional

two-surface knot manifold & M5,

2.2

22T, EH 11 OFHD (WhHW B Culler-Shalen BNy 2 E 1 72) BHE % 3t
H)ﬂ'g— %O
FTODHE 72 % reduced homotopy % EFHRT %,

EEG6 ([7,1.6,1.7]). 237 FRa%HR{EEZ M, M IZ  properly embedded 7%
RRIC 1 ER%tkik% F. K % ® % polyhedron, k #I1EEEH L T %,

1. NG H: (KxI,Kx0I) — (M.F) % (M,F)ROKRERE—L ),

2. HYF)= K x 9] £%>Tw3 (M,F) ND&E F E— H : (K x I, K x I) —
(M.F) %z, (M, F) AOEFRKRE M E— (basic homotopy in (M, F)) &9,

3. Bz e KWL, lay, :t— H(x,t)DS(M,F) TREMN (.e., Mm%z ikdik
FF FHOINCHE F—7TERW) THE L)%, (M, F) NOHERFEFE—
H:(KxI,Kx9I)— (M.F)% (M,F) AOXEMNEFRRE M E— (essential
basic homotopy in (M, F)) &9,

4. (M,FYNDFE b E— HH, kfflD essential basic homotopies H!,..., H* Off
EHRET, 525472 F D transverse orientation (28 L, % ¢ T, H* — HFL )
EHoR, £k, EroHE” Lo Tw5 k&, reduced homotopy of length
kin (M,F) T&5Euvi,

. reduced homotopy of length 0 in (M, F) &%, Hic, K26 F DGR EEHRL T
B<,

S 7 ([7, Definition 3.12] ). MR a > 827 b, ST THE 3 XIS EEEZE M,
M NOARE N Z S, S WD 1-injective %2 2 > 77 k polyhedron # K £ § %,
K @ thickness (relative to S) %

HHLtelITH : K — SHUBGERER DR
sup 0> 0| & 6—1 D reduced homotopy H : (K x I, K x
al) — (M, S) D3HE

k%%tx tS(K) Ti%—g_o

. te(K) OffilE, IEBEE 721 +oo, F72 .8 2% semi-fiber D& ZF| t5(S) =00 TH D,
> T, fEED S WD mi-injective 7 2 > 287 b polyhedronK IZ%f L. ts(K) = oo,

EHORBE oI s e THEAZEA



EE 8 ([7, Definition 7.1]). ¥E#7% knot manifold 2 M, % Dk DEIFHZ2E TR
I‘)E;ﬁ%tﬁzﬁgﬁgﬁﬁﬁ% Fl\ FQ\ %@iﬁﬁ’ﬁﬁ@fﬁ% mi~ Mo & ?Z)o :O) é: gf\

mo - #(K N Fl)

Fy, Fy) = inf
K(F1, F) inf s -ty (K)

ZZ T,

Fjld, F, E4Y FEY 7T F LRI O % i,

K ¥, F) Eoav )7 b, i, m-injective 1 XJt polyhedron T Fy & BEWTHYICAE
DY, RNy FEB2DHD

&5,

o tpy(K) =00 DEEF, k(F1,F)=08F %, 2T, w(F1, F) €[0,00]6

o EENO tp(K)>0%DT, kK(F,F)=00 &%BDZDIE, ZDL)7% KB
FELEZVEE, 2FD, x(F) >00EE (7] TlE “Note that ...” &Fw»
TH3),

[ ] 1nf @T@Cﬂi FQI i)%( &?f£&4%50
EH 1113, BEXZROEHPSHE ),
EE 13 ([7, Theorem 7.2]). M % non-exceptional two-surface knot manifold &3
%, Xo% M D character variety X (m1(M)) @ principal component (i.e., discrete,

faithful representation @ character 2% component) & L. ||| T, PANZ 73
Hi(OM;R) ("7 P VERERRT) O/ VLETS:

o]l = 2 deg(I1y]x,)

(o € Hi(OM;R)., c ¥ a 2T 5 simple closed curve, [c] 13 ¢ DIED B 7 (M) D
LD, [7, Proposition 5.7)

Fi. By %, B\WiZA Y FEY 7 T%H\> connected strict essential surfaces embedded
in M &$ 5, a; 7 F; DR SEE 5 Hi(OM;R) D primitive element £ 5

(i =1,2).
ZDEE, ol
o
S K;(FlaF2)
vz
DIRSL,

. OERE. T 13 DFEBIX. two-surface knot manifold T7% (., T2 T® ideal points
OO A E DAY FE—EDI 2071 LI RETY 2D,

EH 13= 8 11 DN
FTRERT,

EH 14 ( [7, Theorem 7.4] ). M, Fy, Fold, @ 11 LR D ET 2D, A= FiNF,
ET 5, Fy & By BEBIIICZD D, A OREEKES 129 HBH & BfiEAdhfETdh % &
RET S, TDEE, i =121, int(F; — A) DERITIE open disk > open

annulus,



Proof. XFREDP S, Fy i2oWTEITFREIER W,

int(Fy — A) D& 545 C % open disk T open annulus Th o7, ERKE
T2, §5&. x(C) <0, fiE>T, ClE, XNy FEH 2T, CWNT m-injective ZiH
1 X7t polyhedron K % &5,

22T, A DRI IZIEE W 25 FEARIAR CH 5 L VI IRED & int(Fy — A)
DEMSr. £ LI2 C I Fy T my-injective, &2 T, K 13 Fy T mi-injective 1272 %

Gy K Cinf(Fy — A) 206, ¥R, #H(KNF) =0, EEED, k(F,FR)=0¢%
%5,

CIT, M 13 &), F BETRWEREZRL, ZOERDPSHEE D o ITHL,
llesll < (7, Fy) H3RAT

ozl =

feoT, lul cormoFruR o nwd, ZHELBEBA, ||| B/ VATH

Y ozl

22 ECFIE (o DY Hy(OM;R) TIEAHED?S), O

FoRBOIRENH-END XI5, Iy, Fa#4Y =7 (rel. boundary C)
322 LIdHES (standard observation),
#Blx, A4 7 —EBDEE T,
mlmgA(sl, 82) > _mlmgA(sl, 82)
2 - 2
PR, O

X(Fi) = x(F; — F1 N Fy) —

2.3 Further results

[7] Tld, S HICRD L) BREREEZMLTHWS,
FTEARLELLDREIRDEMTH S, Tk, [5, Corollary 1.1.4] (meridional class
7% norm minimizing) Z{#-> TRI N5,

EE 15 ( [7, Theorem 7.7] ). HAREDKIRIFET H 2 A E A1 AIRERA 3 KoL Bk
Bz Y, K #Z20HhofittH T35, K OFRZEMR M(K) 2% non-exceptional two-
surface knot manifold EREL. Fi. F» 2, H\WIZA Y FE Y 7 T%H\ connected
strict essential surfaces embedded in M(K) &$ %, m % meridian slope, s; & F; D
B2 —7E L, so#m ERET S, ZDEE,

q2
Kl S K/(F17F2)

7b§)ﬂ2ﬁo {EL\ q1 = A(Sl,m)\ A= A(Sl,SQ)O
ROEBIX, 77 78wz HOTC, w(F, ) ZiHliT2 2 itk hBons,

FI 16 ( [7, Theorem 9.5] ). EH 15 DIEICHHET, Fy DR go 712 M L%
RET %, T5E. KAWL :

(qfl)Q - 4m3logy(2g2 — 2)
A - g2 -1

L. mo i3 Fy OB DA,

CDRELTRIESND,



% 17 ( [7, Corollary 9.6] ). FEFE—HHAIZ L & L, K ZZ0OHOROHT, 4
HB22M M (K) 23R, AREIVHHIAZ & 4 (up to isotopy T) 2 L& EFR Vb D E
T2, T5 &, BFHER framing LT, 209 6 1 IIERAT =730 %D T, b
) RDTTDOER AT =T %2 r£0LT 5, bL, r£o00 OERAZAT—72300D
ST DM DREEL g 32 A L7 5 1%,

L < 2
4logy(29 —2) —

DK LD,

[7, Section 10,11] Tld, I HICHME (295 7%) &Rk h, LOEMOFMiOL R %
ATV D, G5 N7AEE [7, Theorem 11.16] 1, EIVICERE 16 X D V> & w9 FEML
DHBZIHED, FEPMEHET, LrbEH 16 282w (6LW) OT, 22T
HET 5,

3 In Seifert fibered spaces

KETIE, ¥4 7 20 PSRRI 252 5.2 %,
ERIIRD2OTH 5,
FE 18, AW =720 a v 7 b, MEMNITAREY A 7 =)V S EHkEKE M & L.
200D 2-sided KEWNHZ F. Fo £ 5%, s, % F, 0BR 20 —7, m; 2 F, D
BRI ORE, x; 2 F;, DAA 7 —HHET S (i=1,2), ZDLEE,

A(s1,82) <2 (|X1| + XQ') + 4

miq mo
NI RVASN
T 19. BB EH ISEHL LT3, E6IC. MDBPEREN =7 2A2&F 0 ER
ET B, TDLE,

OM|+hﬂ>+2§A@h@)§2CM|+Xﬁ)+4

my ma mi ma
N AIVRVASN

NS DREERY Fy ix immersed TR,

FA 7 2V FERENOREIEIC DL TERCHSLTwS (Bil21F [12, VI.34.
Theorem] % &), H &, FEHOHE 72 2 D%, #hiA O GEERE D FIHALIT O M B DR
fifi [10). [14] TH % (immersed DEFE DI IE [3] DR ZHE ),

SE 3
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