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1. Yamada polynomial

In 1989, S. Yamada [19] introduced a polynomial invariant for spatial graph
diagrams. Let g be a spatial graph diagram. Then the Yamada polynomial R(g) €
Z[z*!] is defined by the following recursive formulas:

(0) = 1, where @) denotes the empty graph,
(X)) ==r() () +27'R(=) + B(X).
(>-i-<) = R(> -<) + R(><), where e is a nonloop edge,

(g1 U g2) = R(g1)R(g2), where g; Ll go denotes the disjoint union of spatial
diagrams g; and go,

h
B,) = —(—z—1—-2z71)", where B, is the n-leafed bouquet. In particular,
= R(Bo) = -1, R(Q))=R(B)=z+1+a7".

For a #-curve diagram 6, we easily calculate R() by using the following prop-
erties:

(1) R(@) =—(z+1+z e+ )=-22-2-2—27! —272
@ R(OO) =0,

3) ROLUQ)=(z+1+2")R(') for an arbitrary §-curve @',

@ 1) = R() === (R() () - R())

) 7(0) ==R(N\). R(D) =aR()

© £(C) =r00);



2. Prime basic 4-regular disk graphs

In 2001, H. Yamano [21] classified tangles of seven crossings or less in his master’s
thesis, where he used the concept of prime basic 4-reqular disk graphs.

He obtained the following lemma.

Lemma 2.1. There exist six prime basic 4-regular disk graphs with up to seven
vertices as in Fig. 1.

(a) (b) ©
(d (e) ()
Fig. 1.

(a) P (b) Ps (c) Ps

(d) Pr—1 (e) Pr_a (f) Pr_3

3. Prime basic f-polyhedra

From this section, we construct prime basic #-polyhedra. A 0-polyhedron is a
connected planar graph embedded in 2-sphere, whose two vertices are 3-valent, and
the others are 4-valent. We can obtain a #-curve diagram from a #-polyhedron by
substituting algebraic tangles for their 4-valent vertices.

A 6#-polyhedron Pg is said to be basic if it contains no loop and no bigon.

Theorem 3.2. There exist seven type-x prime basic f-polyhedra with up to seven
4-valent vertices as in Fig. 2.



Fig. 2.
(a) 1La (b) 5L ab.cde (c) 6L ab.cde.f (d) 7L a.b.cde.f.g
(e) 74ab.cde.f.g (f) 73 abecdef.g (g) Thabedefg

Theorem 3.3. There exist seventeen type-* prime basic #-polyhedra with up to
seven 4-valent vertices as in Fig. 3.
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Fig. 3.
(a) 3Lla.b.c (b) 4la.b.c.d (c) 5la.b.c.d.e (d) 6la.b.c.d.e.f
(e) 62a.b.c.d.e.f (f) 62a.b.cd.e.f (g) 65a.b.cd.e.f
(h) 7la.b.cd.e.f.g (i) 72a.b.c.d.e.f.g (j) T3a.b.cd.e.f.g (k) 7%a.b.c.d.e.f.g
(1) 7%a.b.cd.e.f.g (m) 7%a.b.c.de.f.g (n) 7Ta.b.cd.e.f.g
(o) 78a.b.c.de.f.g (p) 72a.b.cd.e.f.g (q) 70a.b.c.d.e.f.g



4. Enumeration of #-curve

We give an enumeration of f-curve with up to seven crossings by using our
notation. Knots in the second column correspond to Rolfsen’s knot table [14], and
f-curves in the last column correspond to Litherland’s table [11] (see Fig. 4-7). K
and © denote mirror images of K and O, respectively.
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Fig. 4. Prime -curves with up to six crossings.
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notation constituent knot  #-curve

113 3,,0,0 30
1L 22 41,0, 0 4
1L 5 51,0,0 53
1132 55, 0,0 5
123 52,0,0 55
1 3,2 51,31, 0 54
121,2 59, 31, 0 57
3122.-1 31,0, 0 55
412.1.1.1 31,0, 0 55
4120.1.1.1 0,0, 0 51
1L 42 61,0, 0 65
1L 24 61,0, 0 66
11312 65, 0, 0 69
11213 65, 0, 0 610
112112 63, 0, 0 614
11222 61, 41, 0 63
11211,2 6s, 41, 0 613
113,21 61,0, 0 67
11 3,2+ 62, 31, 0 612
11>< 21,24 63, 31, 0 6_16
3132.-1 41,31, 0 64
31 2.2.2 0,0, 0 51
3122 -2 0,0, 0 61
412 1.1.1.1 0,0,0 6
41210.1.1.1 31,0,0 65
41 —2 —10.1.1.1 41,37, 0 61
412.20.1.1 41,31, 0 64
412.1.1.20 41,31, 0 65
4121.1.-20 41,31, 0 64
412020.1.1 31,0, 0 65
41 —20.20.1.1 0,0,0 61
5L 2.1.1.1.1 63, 0, 0 615
5L 20.1.1.1.1 62,0, 0 611
5120.1.1.1.1 0,0, 0 61
5! 1.1.1.1.2 0 52,31, 0 57
62 1.1.1.1.1.1 0,0, 0 61
64 1.1.1.1.1.1 0,0, 0 51



notation constituent knot  f-curve

li 7 71, 0,0 To5
1L 52 75, 0, 0 720
1L 43 75,0, 0 Taa
1, 34 73, 0,0 T34
1l 25 75,0, 0 Tos
11 322 75, 0, 0 7
1,313 74,0, 0 Tas
1,223 75,0, 0 m
1, 2212 76, 0, 0 Ta3
1L, 2122 76,0, 0 Tso
1L,21112 77,0, 0 Tso
10 5,2 71,51, 0 Tor
1L 41,2 73, 51,0 726
1L 32,2 73, 59, 0 Tar
1L 23,2 7o, 59, 0 Ta2
1L311,2 74, 59,0 Te2
1L 221,2 75, 59,0 Tao
1L (3,2),2 75, 51, 0 Tes
1L (3,2), -2 51, 52, 0 T8
1L (3,-2),2 65, 0, 0 611
1L (3,-2), -2 65,0, 0 615
1£< (2 1,2)a2 7_6: 5: 0 758
1L (21,2),-2 51, 52, 0 Tis
1L (21,-2),2 65, 0, 0 615
1£< (2 1 _2)7_2 6_27 0: 0 E
14,3 1,31, 0 Toe
1£< 31/3 73:570 735
1L 223 75,0, 0 730
1L 4,21 79, 31, 0 Tar
1L 31,21 75, 31, 0 TS
1L 211,21 75,0, 0 Tsa
li 22,2+ 7_6; 44,0 Ts7
1, 292,92 65, 41, 0 615
1L 211,2+ 7. 41,0 Tos
1L 211,-2— 61, 41,0 Bs
1% 3,3+ 74,0,0 T30
1, 3,-3— 6.,0,0 6,
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notation constituent knot  f-curve
li 21,21+ 77, 0,0 762
1t 21,21- 31,0,0 59
1L21,-2-1+ 61,0,0 67
1h21,-2-1- 61,0,0 67
1£< 372++ 7_57 3_170 746
1£< 37 -2—- - 637 3_17 0 616
1&21,2++ 76,31,0 7_56
1h21,-2-- 62, 31, 0 612
31 (3,2).1. -1 62, 0,0 611
31 (3,-2).1. -1 51, 52, 0 Tis
31 (21,2).1. -1 63, 0,0 615
31(21,-2).1.—-1 51, 52, 0 718
3142 -1 55, 0,0 T2
3131.2.-1 5:,0,0 715
312112 -1 59, 31,0 792
312110.—2.1 62, 31, 0 612
31321.-1 59, 41, 0 Tos
312121.-1 5:,0,0 T17
3l 3.2.2 31,0,0 62
3132 -2 41,0,0 Tis
31 3.-22 41,0,0 Tis
313.-2.-2 31,0,0 Ts
3130.-22 4,,31,0 64
3130.—-2.-2 31,31,0 73
3121.-2020 31,0,0 62
3121.-20.—-20 31,0,0 77
4l 4111 31,31,0 Ts
4! 40.1.1.1 31,0,0 75
4l —40.1.1.1 51,0,0 Tis
4! 31.1.1.1 31,0,0 76
41 310.1.1.1 0,0,0 T
4l —3-10.1.1.1 55, 0,0 720
41 221.1.1 31,0,0 77
41 220.1.1.1 31,31,0 710
4! —2-20.1.1.1 52, 31,0 Tas
41 21.20.1.1 41,0,0 Tis
4121020.1.1 41,44, 0 T1a
4! —2-10.20.1.1 41,0,0 713
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notation constituent knot  #-curve

43112 51, 0,0 Ti6
41 30.1.1.2 59, 41, 0 Tos
41 —30.1.12 5a, 41, 0 Tot
4121.1.1.2 52,0, 0 To1
4131.120 41, 0,0 Ti1
4131.1.-20 52, 0,0 T2
4130.1.1.20 0,0,0 T
41301.1.-20 51, 0,0 Tis
41 ~30.1.120 51, 0,0 7
41210.1.1.20 41,0,0 1o
41210.1.1.-20 59, 31, 0 T
41 —2 -10.1.1.20 52,41, 0 Toa
41 23.1.1 51, 0,0 15
41 230.1.1 52, 0,0 T2
41221.1.1 59, 31, 0 T
41 20.3.1.1 31,0,0 Ts
41 —203.1.1 31,31, 0 Ts
41 20.30.1.1 0,0,0 I
41 —20.30.1.1 31,0,0 7o
412021.1.1 31,31, 0 10
41 —2021.11 31,0,0 T
41 2.22.1 59, 41, 0 Tou
4122201 51, 0,0 T
41 —2220.1 51, 0,0 T
41 22.1.2 51, 52, 0 Tis
4122120 55, 0, 0 Tio
41221.-20 41,0,0 713
41 20.20.2.1 41, 41, 0 714
41 —20.20.21 31, 31,0 To

12



notation constituent knot  f-curve
5L 21.1.1.1.1 7:,0,0 Te3
5, —2-1.1.1.1.1 61, 41,0 [
5L, 210.1.1.1.1 76, 0,0 Ts1
5L 2.1.1.2.1 7:,0,0 760
5L 2.1.1.-2.1 62, 0,0 611
5L, —2.1.1.-21 51,0,0 T16
5L 2.1.1.1.2 77, 31, 0 T4
5L 2.1.1.1.-2 62, 41, 0 613
51, 2.20.1.1.1 76, 0,0 752
5L 2.-20.1.1.1 5:,0,0 Tie
5L, —220.1.1.1 63, 0,0 615
5, —2.-20.1.1.1 62, 0,0 611
51, 2.1.20.1.1 76, 31, 0 Tss
51, 20.1.20.1.1 75,31, 0 Ta7
51, 20.1.1.2 0.1 74, 31,0 T
51, 20.1.1.1.20 74, 31,0 10
50 —1.-3.1.1.1 51, 52, 0 Tis
501.1.1.1. -3 51, 52, 0 718
5130.1.1.1.1 41,0,0 713
50 —30.1.1.1.1 41,0,0 Tis
50 —1.30.1.1.1 61, 41, 0 0s
511.1.1.1.30 61, 41,0 [
50 —1.21.1.1.1 63, 0,0 615
501.1.11.-2-1 51, 52, 0 Tis
50 —2.—-21.1.1 5:,0,0 T
50 —2.—-1.-1.—-1.2 5:,0,0 T
50 —1.-21.2.1 51,0,0 T16
50 —1.-2.1.1.2 51, 52, 0 Tis
50 —1.-2.-1.-1.2 51, b2, 0 Tis
50 —1.—-1.-2.—-1.2 51,0,0 T16
50 —220.1.1.1 41, 31,0 63
5121.1.1.20 41,31,0 63
50 —1.-21.20.1 52, 0,0 Tor
50 —1.-21.-20.1 41, 31,0 63
511.2.1.1.20 62, 41, 0 613
50 —1.-21.1.20 51, 52, 0 718
51 1.1.1.2.20 61,0,0 67
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notation constituent knot  f-curve
5120.2.1.1.1 31,31, 0 T
5120.—2.1.1.1 41,31, 0 65
51 —20.2.1.1.1 0,0,0 T4
51 —20.-2.1.1.1 55,0, 0 o1
5120.1.2.1.1 44,0, 0 i3
51 —20.1.2.1.1 3.,0,0 Te
5120.1.1.2.1 3,,0,0 7o
50 —20.1.1.2.1 4,,0,0 s
5120.1.1.1.2 0,0,0 7.
5120.1.1.1. -2 55, 0, 0 ot
51 —20.1.1.1.2 31,31, 0 Ty
51 —20.1.1.1. -2 41,3, 0 65
51 —1.202.1.1 61,0, 0 67
51 —1.20.1.1.2 62, 41, 0 613
50 —1.-20.-1.-1.2 51, 52, 0 Tis
50 —1.-1.20.—1.2 41, 31,0 65
50 —1.-1.-20.—-1.2 52, 0, 0 To1
51 ~1.20.1.20.1 62, 0, 0 611
51 ~1.201.-20.1 51, 0,0 Tie
50 —1.-12020.1 0,0,0 6
50 —1.-120.-20.1 3,,0,0 62
50 —1.-1.-20.20.1 51, 0,0 Tie
51 —1.-1.-20.—-20.1 0,0,0 6
511.1.20.1.20 65, 0, 0 611
511.1.-20.1.2 0 5,0,0 Ti6
6! 1.2.1.1.1.1 0,0,0 Ty
6! 1.20.1.1.1.1 44,0, 0 Tia
61 1.—20.1.1.1.1 44,3, 0 65
62 1.1.1.2.1.1 3,,0,0 7o
6220.1.1.1.1.1 0,0,0 7
62 —20.1.1.1.1.1 0,0,0 7.
62 1.2 0.1.1.1.1 44,0, 0 i3
621.1.20.1.1.1 33,0 To
621.1.—20.1.1.1 41,31, 0 65
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notation constituent knot  f-curve
63 2.1.—1.1.1.1 31, 31,0 31#331
632111.-1.-1 41, 31,0 64
62 1.2. - 1.1.1.1 41, 31,0 64
62 1.21.1.—-1.—1 31, 31,0 31#331
62 1.1.2.1.1.1 63, 0,0 615
63 1.1.—2.1.1.1 55, 0,0 71
631.121.-1.-1 0,0,0 61
631.1.-21.—-1.—-1 51,0,0 716
63 1.1.1.1.2. -1 63, 0,0 615
631.11.1.-2.-1 55, 0,0 To1
63 1.1.—1.1.2.1 0,0,0 61
62 1.1.—1.1. — 2.1 51,0,0 T16
62201.1.1.—-1. -1 31,0,0 6
6220.1.—1.1.1.1 31,34, 0 317331
622 —1.1.-1.-1. -1 31,0,0 31
622 —-1.—-1.-1.1.1 0,0,0 61
621.201.1.-1.—-1 31,34, 0 317331
63120 —1.1.1.1 31,0,0 6
6321.-201.1.-1. -1 31,0,0 3
6321.-20.—1.1.1.1 0,0,0 61
631.1201.-1.—1 41,31,0 65
631.1.-20.1.1.1 0,0,0 61
631.11.1.-20.—1 0,0,0 61
631.1.-11.—-20.1 4,,3(,0 65
6420.1.1.1.1.1 31,0,0 62
64 1.20.1.1.1.1 4,,3(,0 65
6 1.1.20.1.1.1 0,0,0 61
74 1.1.1.1.1.1.1 7:,0,0 761
72 1.1.1.1.1.1.1 63, 0,0 615
741111111 0,0,0 T4
741 -11.-1.-11. -1 41,34,0 65
79 1.1.1.1.1.1.1 31,0,0 62
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5. Enumeration of handcuff graph

We give an enumeration of handcuff graph with up to seven crossings by using
our notation. Links in the second column correspond to Rolfsen’s knot table [14],
and handcuff graphs in the last column correspond to Fig. 8-11. L and & denote
mirror images of L and ®, respectively.

2 4

5
a A a N
% /
61 62 63 64
0000 g5 @ e 98
6s 66 67 6s 69

Fig. 8. Prime handcuff graphs with up to six crossings.
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Fig. 11. Prime handcuff graphs with seven crossings (continue
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notation constituent link  handcuff graph

1L 2 23 2y
1l 4 43 49
11,212 52 59
16 67 67
1133 62 69
1222 63 65
1L 3,3 6; i
1L 21,21 62 69
3120.—2.1 42 49
31202 -1 02 20 4529
31 —20.-20.2 22 69
3121020 -1 42 69
41 3.1.1.1 23 65
4130.1.1.1 22 69
41 —30.1.1.1 42 69
412211 42 69
4120.2.1.1 22 69
41 —20.2.1.1 22 69
4120.1.1.2 0 02 67
4120.1.1.-20 42 69
6! 1.1.1.1.1.1 02 67
63 1.1.1.1.1.1 52 59
62 1.1.1.1.— 1. — 1 22 20 #23¢
63 1.1. - 1.1.1.1 22 27 #33/
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notation constituent link  handcuff graph

1L 412 7 7t
1,214 7 7y
11232 73 79
13112 73 7%,
112113 7 7%,
1L211,3 7 75
112221 73 %
1L 3,21+ 72 5
1, 3,-2 —1- 62 65
1L (3,211 73 75
1L (3,-2)11 72 75
1L (21,2) 11 72 7%
1L (21,-2)11 72 79
1L (3,2) 2 7 75
1L (3,2) —2 72 7%
1! (3,-2) —2 72 79
1L (21,2) 2 72 7%,
1L (21,2) —2 72 T8
1L (21,-2) —2 72 72
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notation constituent link handcuff graph

31222 -1 52 70,
3121.22 22 65
3121.2.-2 22 7¢
3121.-22 22 72
3121.-2.-2 22 79
313.-20.2 42 69
313020 -2 42 7%
3130.-20.2 42 69
3121020 -2 22 7¢
4121 1.1.1.1 22 78
412110.1.1.1 22 04
41 -2 -1 —10.1.1.1 52 70,
41320.1.1 43 7%
4130.20.1.1 42 7%
41 —3020.1.1 23 72
4121211 92 79
41210211 42 74
41 —2 —10.21.1 42 79,
413.2.1.1 22 7¢
4130.2.1.1 22 78
41 —302.1.1 22 ¢
41 21.1.1.20 42 7%,
4121.1.1.-20 52 79,
412.210.1.1 52 70,
4120210.1.1 22 79
41 —20.210.1.1 22 79
41 20.22.1 42 74,
41 —20.221 02 79
4120.2.20.1 22 7¢
41 —20220.1 22 70
412.20.1.20 52 79,
412201.-20 42 7%,
4120.2.1.20 22 7$
412021.-20 22 79
41 —20.21.20 22 7¢
41 —2021.-20 22 204430
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notation constituent link  handcuff graph

5L 2.2.1.1.1 72 7%,
5L2.-21.1.1 72 75
5L —2.-21.1.1 72 72
5L 2.1.2.1.1 72 7%
5L21.-2.1.1 7 T4
5L —21.2.1.1 62 65
5L —21.-21.1 52 59
5L 2.1.1.20.1 73 79,
5L, —21.1.201 63 7.
5120.1.2.1.1 72 75
5L201.-21.1 73 72
5120.20.1.1.1 72 7%
5, —20.-20.1.1.1 63 e
51210.1.1.1.1 2? 7¢
50 -2 —10.1.1.1.1 2? 7¢
5120.20.1.1.1 0? 79
51 —20.20.1.1.1 42 72,
5120.1.20.1.1 2? 7¢
51 —20.1.20.1.1 2? 79
5120.1.-20.1.1 92 27 4337
50 —20.1.-20.1.1 2? 65
5120.1.1.20.1 2? 79
50 —20.1.1.20.1 2? 78
5120.1.1.-20.1 22 69
50 —20.1.1.-20.1 92 204437
5120.1.1.1.20 42 72,
51 —20.1.1.1.20 02 79
50 —1.2020.1.1 62 69
50 —1.-20.20.1.1 42 65
50 —1.20.—20.1.1 52 57
50 —1.-20.-20.1.1 52 59
511112020 62 65
511.1.1.—2 0.2 0 52 59
511.1.1.20.-20 42 69
501.11.-20.-20 52 5
51 1.1.2.1.20 62 7%,
50 —1.20.1.2.1 62 7%,
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notation constituent link handcuff graph
6L 2.1.1.1.1.1 72 5
6L 2.1.1.1.1. — 1 Pl 20 #33]
6L, —2.1.1.1.1.1 72 5
6L, —2.1.1.1.1.—1 23453, 20 4537
6! 2.1.1.1.1.1 02 79
6! —2.1.1.1.1.1 02 79
6! 1.1.2.1.1.1 22 78
6. 20.1.1.1.1.1 52 79,
6! 1.1.2 0.1.1.1 22 78
6! 1.1.—20.1.1.1 22 69

62 1.2.1.1.1.1 22 7¢
62 1.1.2.1.1.1 02 79
62 1.1.1.20.1.1 22 79
62 1.1.1.— 2 0.1.1 22 69

6% 1.1.1.1.1.2 02 79
621.1.1.1. —1. -2 22 204449
63 1.1 — 1.1.1.2 02 20 #5347
63 1.1 —1.1.—1. -2 92 204537
63 1.1.— 1.2 0.1.1 92 204549
631.1.1.20.—1. -1 92 204547
6%1.1.1.1.1.—2 0 02 79
631.1.1.1.—1.—20 02 20 #3547
62 1.1.-1.1.1.2 0 92 20 #54]
62 1.1. — 1.1. — 1.2 0 92 204430
64 2.1.1.1.1.1 22 65
6! —2.1.1.1.1.1 22 29
6 2.1. — 1.1.1.1 22 204430
642 —1.1.1.1.1 42 49
61 —2.1.—1.1.1.1 92 20453
64 —2.—1.1.1.1.1 02 trivial
642 —1.—1.1.1.1 42 69
6! —2.—1.—1.1.1.1 52 59
64 1.2.1.1.1.1 02 67
6! —1.2.—1.1.1.1 42 69
64 1.—2.1.1.1.1 42 65
6 —1.—2.—1.1.1.1 52 59
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notation constituent link  handcuff graph

73 1.1.1.1.1.1.1 72 7%,
7% 1111.-1.-1. -1 72 78
711 -1.-11.-11 72 75
311 -1.-1.-1.-1.-1 72 T3
721.1.1.1.1.1.1 02 79
72 —1.-1.1.1.1.1.1 22 204430
7?2 —1.-1.-11111 92 7
7?2 -1.-1.-111.-11 02 2044294429
7711111 -1~ 1 5 5¢
771111 - 1.1.1 42 69
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