
spatial graph���invariant������	
������������������d04sa006�ex.media.osaka-u.a.jp2004�11�20�Abstratspatial graph,��trivalent vertex� !�-urve"handu� graph�#$%&'(),*+invariant,-./012%. invariant�34!56789:, 7;<2(+�-urve+#$/6;<2(+handu� graph+#$�=032%.1. Yamada polynomialIn 1989, S. Yamada [19℄ introdued a polynomial invariant for spatial graphdiagrams. Let g be a spatial graph diagram. Then the Yamada polynomial R(g) 2Z[x�1℄ is de�ned by the following reursive formulas:(1) R(;) = 1, where ; denotes the empty graph,(2) R� � = xR� �+ x�1R� �+R� �,(3) R� � = R� �+R� �, where e is a nonloop edge,(4) R(g1 t g2) = R(g1)R(g2), where g1 t g2 denotes the disjoint union of spatialgraph diagrams g1 and g2,(5) R(Bn) = �(�x� 1�x�1)n, where Bn is the n-leafed bouquet. In partiular,R(�) = R(B0) = �1; R� � = R(B1) = x+ 1 + x�1:For a �-urve diagram �, we easily alulate R(�) by using the following prop-erties:(1) R� � = �(x+ 1 + x�1)(x+ x�1) = �x2 � x� 2� x�1 � x�2,(2) R� � = 0,(3) R(�0 t) = (x+ 1 + x�1)R(�0) for an arbitrary �-urve �0,(4) R� ��R� � = (x� x�1)�R� ��R� ��,(5) R� � = x2R� �, R� � = x�2R� �,(6) R� � = R� �, 1



(7) R� � = R� �,(8) R� � = R� �, R� � = R� �,(9) R� � = �xR� �, R� � = �x�1R� �.2. Prime basi 4-regular disk graphsIn 2001, H. Yamano [21℄ lassi�ed tangles of seven rossings or less in his master'sthesis, where he used the onept of prime basi 4-regular disk graphs.He obtained the following lemma.Lemma 2.1. There exist six prime basi 4-regular disk graphs with up to sevenverties as in Fig. 1.
(a) (b) (c)

(d) (e) (f)Fig. 1.(a) P1 (b) P5 () P6(d) P7�1 (e) P7�2 (f) P7�33. Prime basi �-polyhedraFrom this setion, we onstrut prime basi �-polyhedra. A �-polyhedron is aonneted planar graph embedded in 2-sphere, whose two verties are 3-valent, andthe others are 4-valent. We an obtain a �-urve diagram from a �-polyhedron bysubstituting algebrai tangles for their 4-valent verties.A �-polyhedron P� is said to be basi if it ontains no loop and no bigon.Theorem 3.2. There exist seven type-� prime basi �-polyhedra with up to seven4-valent verties as in Fig. 2. 2
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Fig. 2.(a) 11�a (b) 51�a:b::d:e () 61�a:b::d:e:f (d) 71�a:b::d:e:f:g(e) 72�a:b::d:e:f:g (f) 73�a:b::d:e:f:g (g) 74�a:b::d:e:f:gTheorem 3.3. There exist seventeen type-� prime basi �-polyhedra with up toseven 4-valent verties as in Fig. 3.
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(a) (b) (c) (d)

(e) (f) (g)

(h) (i) (j) (k)

(l) (m) (n)

(o) (p) (q)Fig. 3.(a) 31�a:b: (b) 41�a:b::d () 51�a:b::d:e (d) 61�a:b::d:e:f(e) 62�a:b::d:e:f (f) 63�a:b::d:e:f (g) 64�a:b::d:e:f(h) 71�a:b::d:e:f:g (i) 72�a:b::d:e:f:g (j) 73�a:b::d:e:f:g (k) 74�a:b::d:e:f:g(l) 75�a:b::d:e:f:g (m) 76�a:b::d:e:f:g (n) 77�a:b::d:e:f:g(o) 78�a:b::d:e:f:g (p) 79�a:b::d:e:f:g (q) 710� a:b::d:e:f:g4



4. Enumeration of �-urveWe give an enumeration of �-urve with up to seven rossings by using ournotation. Knots in the seond olumn orrespond to Rolfsen's knot table [14℄, and�-urves in the last olumn orrespond to Litherland's table [11℄ (see Fig. 4{7). Kand � denote mirror images of K and �, respetively.
31 41 51 52 53

54 55 56 57 61

62 63 64 65 66

67 68 69 610 611

612 613 614 615 616Fig. 4. Prime �-urves with up to six rossings.
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71 72 73 74 75

76 77 78 79 710

711 712 713 714 715

716 717 718 719 720

721 722 723 724 725Fig. 5. Prime �-urves with seven rossings.
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736 737 738 739 740

741 742 743 744 745

746 747 748 749 750

726 727 728 729 730

731 732 733 734 735

Fig. 6. Prime �-urves with seven rossings (ontinued).
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751 752 753 754 755

756 757 758 759 760

761 762 763 764 765Fig. 7. Prime �-urves with seven rossings (ontinued).

8



notation onstituent knot �-urve11� 3 31, 0, 0 3111� 2 2 41, 0, 0 4111� 5 51, 0, 0 5311� 3 2 52, 0, 0 5611� 2 3 52, 0, 0 5511� 3; 2 51, 31, 0 5411� 2 1; 2 52, 31, 0 5731� 2:2:� 1 31, 0, 0 5241� 2:1:1:1 31, 0, 0 5241� 2 0:1:1:1 0, 0, 0 5111� 4 2 61, 0, 0 6511� 2 4 61, 0, 0 6611� 3 1 2 62, 0, 0 6911� 2 1 3 62, 0, 0 61011� 2 1 1 2 63, 0, 0 61411� 2 2; 2 61, 41, 0 6811� 2 1 1; 2 62, 41, 0 61311� 3; 2 1 61, 0, 0 6711� 3; 2+ 62, 31, 0 61211� 2 1; 2+ 63, 31, 0 61631� 3:2:� 1 41, 31, 0 6431� 2:2:2 0, 0, 0 5131� 2:2:� 2 0, 0, 0 6141� 2 1:1:1:1 0, 0, 0 6141� 2 1 0:1:1:1 31, 0, 0 6241� � 2 � 1 0:1:1:1 41, 31, 0 6441� 2:2 0:1:1 41, 31, 0 6441� 2:1:1:2 0 41, 31, 0 6341� 2:1:1:� 2 0 41, 31, 0 6441� 2 0:2 0:1:1 31, 0, 0 6241� � 2 0:2 0:1:1 0, 0, 0 6151� 2:1:1:1:1 63, 0, 0 61551� 2 0:1:1:1:1 62, 0, 0 61151� 2 0:1:1:1:1 0, 0, 0 6151� 1:1:1:1:2 0 52, 31, 0 5762� 1:1:1:1:1:1 0, 0, 0 6164� 1:1:1:1:1:1 0, 0, 0 51
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notation onstituent knot �-urve11� 7 71, 0, 0 72511� 5 2 72, 0, 0 72911� 4 3 73, 0, 0 73311� 3 4 73, 0, 0 73411� 2 5 72, 0, 0 72811� 3 2 2 75, 0, 0 74311� 3 1 3 74, 0, 0 73811� 2 2 3 75, 0, 0 74411� 2 2 1 2 76, 0, 0 75311� 2 1 2 2 76, 0, 0 75011� 2 1 1 1 2 77, 0, 0 75911� 5; 2 71, 51, 0 72711� 4 1; 2 73, 51, 0 �73611� 3 2; 2 73, 52, 0 73711� 2 3; 2 72, 52, 0 73211� 3 1 1; 2 74, 52, 0 74211� 2 2 1; 2 75, 52,0 74911� (3; 2); 2 75, 51, 0 74811� (3; 2);�2 51, 52, 0 71811� (3;�2); 2 62, 0, 0 61111� (3;�2);�2 63, 0, 0 61511� (2 1; 2); 2 76, 52, 0 75811� (2 1; 2);�2 51, 52, 0 71811� (2 1;�2); 2 63, 0, 0 61511� (2 1;�2);�2 62, 0, 0 61111� 4; 3 71, 31, 0 72611� 3 1; 3 73, 31, 0 73511� 2 2; 3 72, 0, 0 73011� 4; 2 1 72, 31, 0 73111� 3 1; 2 1 75, 31, 0 74511� 2 1 1; 2 1 76, 0, 0 75411� 2 2; 2+ 76, 41, 0 75711� 2 2;�2� 62, 41, 0 61311� 2 1 1; 2+ 77, 41, 0 76511� 2 1 1;�2� 61, 41, 0 6811� 3; 3+ 74, 0, 0 73911� 3;�3� 61, 0, 0 67
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notation onstituent knot �-urve11� 2 1; 2 1+ 77, 0, 0 76211� 2 1; 2 1� 31, 0, 0 5211� 2 1;�2� 1+ 61, 0, 0 6711� 2 1;�2� 1� 61, 0, 0 6711� 3; 2 + + 75, 31, 0 74611� 3;�2�� 63, 31, 0 61611� 2 1; 2 + + 76, 31, 0 75611� 2 1;�2�� 62, 31, 0 61231� (3; 2):1:� 1 62, 0, 0 61131� (3;�2):1:� 1 51, 52, 0 71831� (2 1; 2):1:� 1 63, 0, 0 61531� (2 1;�2):1:� 1 51, 52, 0 71831� 4:2:� 1 52, 0, 0 72031� 3 1:2:� 1 51, 0, 0 71531� 2 1 1:2:� 1 52, 31, 0 72231� 2 1 1 0:� 2:1 62, 31, 0 61231� 3:2 1:� 1 52, 41, 0 72431� 2 1:2 1:� 1 51, 0, 0 71731� 3:2:2 31, 0, 0 6231� 3:2:� 2 41, 0, 0 71331� 3:� 2:2 41, 0, 0 71331� 3:� 2:� 2 31, 0, 0 7631� 3 0:� 2:2 41, 31, 0 6431� 3 0:� 2:� 2 31, 31, 0 7831� 2 1:� 2 0:2 0 31, 0, 0 6231� 2 1:� 2 0:� 2 0 31, 0, 0 7741� 4:1:1:1 31, 31, 0 7841� 4 0:1:1:1 31, 0, 0 7541� � 4 0:1:1:1 51, 0, 0 71541� 3 1:1:1:1 31, 0, 0 7641� 3 1 0:1:1:1 0, 0, 0 7141� � 3� 1 0:1:1:1 52, 0, 0 72041� 2 2:1:1:1 31, 0, 0 7741� 2 2 0:1:1:1 31, 31, 0 71041� � 2� 2 0:1:1:1 52, 31, 0 72341� 2 1:2 0:1:1 41, 0, 0 71341� 2 1 0:2 0:1:1 41, 41, 0 71441� � 2� 1 0:2 0:1:1 41, 0, 0 713
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notation onstituent knot �-urve41� 3:1:1:2 51, 0, 0 71641� 3 0:1:1:2 52, 41, 0 72341� � 3 0:1:1:2 52, 41, 0 72441� 2 1:1:1:2 52, 0, 0 72141� 3:1:1:2 0 41, 0, 0 71141� 3:1:1:� 2 0 52, 0, 0 72041� 3 0:1:1:2 0 0, 0, 0 7241� 3 0:1:1:� 2 0 51, 0, 0 71541� � 3 0:1:1:2 0 51, 0, 0 71741� 2 1 0:1:1:2 0 41, 0, 0 71241� 2 1 0:1:1:� 2 0 52, 31, 0 72241� � 2 � 1 0:1:1:2 0 52, 41, 0 72441� 2:3:1:1 51, 0, 0 71541� 2:3 0:1:1 52, 0, 0 72041� 2:2 1:1:1 52, 31, 0 72241� 2 0:3:1:1 31, 0, 0 7541� � 2 0:3:1:1 31, 31, 0 7841� 2 0:3 0:1:1 0, 0, 0 7141� � 2 0:3 0:1:1 31, 0, 0 7641� 2 0:2 1:1:1 31, 31, 0 71041� � 2 0:2 1:1:1 31, 0, 0 7741� 2:2:2:1 52, 41, 0 72441� 2:2:2 0:1 51, 0, 0 71741� � 2:2:2 0:1 51, 0, 0 71741� 2:2:1:2 51, 52, 0 71841� 2:2:1:2 0 52, 0, 0 71941� 2:2:1:� 2 0 41, 0, 0 71341� 2 0:2 0:2:1 41, 41, 0 71441� � 2 0:2 0:2:1 31, 31, 0 79
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notation onstituent knot �-urve51� 2 1:1:1:1:1 77, 0, 0 76351� � 2� 1:1:1:1:1 61, 41, 0 6851� 2 1 0:1:1:1:1 76, 0, 0 75151� 2:1:1:2:1 77, 0, 0 76051� 2:1:1:� 2:1 62, 0, 0 61151� � 2:1:1:� 2:1 51, 0, 0 71651� 2:1:1:1:2 77, 31, 0 76451� 2:1:1:1:� 2 62, 41, 0 61351� 2:2 0:1:1:1 76, 0, 0 75251� 2:� 2 0:1:1:1 51, 0, 0 71651� � 2:2 0:1:1:1 63, 0, 0 61551� � 2:� 2 0:1:1:1 62, 0, 0 61151� 2:1:2 0:1:1 76, 31, 0 75551� 2 0:1:2 0:1:1 75, 31, 0 74751� 2 0:1:1:2 0:1 74, 31, 0 74151� 2 0:1:1:1:2 0 74, 31, 0 74051� � 1:� 3:1:1:1 51, 52, 0 71851� 1:1:1:1:� 3 51, 52, 0 71851� 3 0:1:1:1:1 41, 0, 0 71351� � 3 0:1:1:1:1 41, 0, 0 71351� � 1:3 0:1:1:1 61, 41, 0 6851� 1:1:1:1:3 0 61, 41, 0 6851� � 1:2 1:1:1:1 63, 0, 0 61551� 1:1:1:1:� 2� 1 51, 52, 0 71851� � 2:� 2:1:1:1 51, 0, 0 71651� � 2:� 1:� 1:� 1:2 51, 0, 0 71651� � 1:� 2:1:2:1 51, 0, 0 71651� � 1:� 2:1:1:2 51, 52, 0 71851� � 1:� 2:� 1:� 1:2 51, 52, 0 71851� � 1:� 1:� 2:� 1:2 51, 0, 0 71651� � 2:2 0:1:1:1 41, 31, 0 6351� 2:1:1:1:2 0 41, 31, 0 6351� � 1:� 2:1:2 0:1 52, 0, 0 72151� � 1:� 2:1:� 2 0:1 41, 31, 0 6351� 1:2:1:1:2 0 62, 41, 0 61351� � 1:� 2:1:1:2 0 51, 52, 0 71851� 1:1:1:2:2 0 61, 0, 0 67
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notation onstituent knot �-urve51� 2 0:2:1:1:1 31, 31, 0 7951� 2 0:� 2:1:1:1 41, 31, 0 6351� � 2 0:2:1:1:1 0, 0, 0 7451� � 2 0:� 2:1:1:1 52, 0, 0 72151� 2 0:1:2:1:1 41, 0, 0 71351� � 2 0:1:2:1:1 31, 0, 0 7651� 2 0:1:1:2:1 31, 0, 0 7651� � 2 0:1:1:2:1 41, 0, 0 71351� 2 0:1:1:1:2 0, 0, 0 7451� 2 0:1:1:1:� 2 52, 0, 0 72151� � 2 0:1:1:1:2 31, 31, 0 7951� � 2 0:1:1:1:� 2 41, 31, 0 6351� � 1:2 0:2:1:1 61, 0, 0 6751� � 1:2 0:1:1:2 62, 41, 0 61351� � 1:� 2 0:� 1:� 1:2 51, 52, 0 71851� � 1:� 1:2 0:� 1:2 41, 31, 0 6351� � 1:� 1:� 2 0:� 1:2 52, 0, 0 72151� � 1:2 0:1:2 0:1 62, 0, 0 61151� � 1:2 0:1:� 2 0:1 51, 0, 0 71651� � 1:� 1:2 0:2 0:1 0, 0, 0 6151� � 1:� 1:2 0:� 2 0:1 31, 0, 0 6251� � 1:� 1:� 2 0:2 0:1 51, 0, 0 71651� � 1:� 1:� 2 0:� 2 0:1 0, 0, 0 6151� 1:1:2 0:1:2 0 62, 0, 0 61151� 1:1:� 2 0:1:2 0 51, 0, 0 71661� 1:2:1:1:1:1 0, 0, 0 7261� 1:2 0:1:1:1:1 41, 0, 0 71261� 1:� 2 0:1:1:1:1 41, 31, 0 6362� 1:1:1:2:1:1 31, 0, 0 7662� 2 0:1:1:1:1:1 0, 0, 0 7362� � 2 0:1:1:1:1:1 0, 0, 0 7462� 1:2 0:1:1:1:1 41, 0, 0 71362� 1:1:2 0:1:1:1 31, 31, 0 7962� 1:1:� 2 0:1:1:1 41, 31, 0 63
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notation onstituent knot �-urve63� 2:1:� 1:1:1:1 31, 31, 0 31#33163� 2:1:1:1:� 1:� 1 41, 31, 0 6463� 1:1:2:1:1:1 63, 0, 0 61563� 1:1:� 2:1:1:1 52, 0, 0 72163� 1:1:2:1:� 1:� 1 0, 0, 0 6163� 1:1:� 2:1:� 1:� 1 51, 0, 0 71663� 1:1:1:1:2:� 1 63, 0, 0 61563� 1:1:1:1:� 2:� 1 52, 0, 0 72163� 1:1:� 1:1:2:1 0, 0, 0 6163� 1:1:� 1:1:� 2:1 51, 0, 0 71663� 2 0:1:1:1:� 1:� 1 31, 0, 0 6263� 2 0:1:� 1:1:1:1 31, 31, 0 31#33163� 2:� 1:1:� 1:� 1:� 1 31, 0, 0 3163� 2:� 1:� 1:� 1:1:1 0, 0, 0 6163� 1:2 0:1:1:� 1:� 1 31, 31, 0 31#33163� 1:2 0:� 1:1:1:1 31, 0, 0 6263� 1:� 2 0:1:1:� 1:� 1 31, 0, 0 3163� 1:� 2 0:� 1:1:1:1 0, 0, 0 6163� 1:1:2 0:1:� 1:� 1 41, 31, 0 6363� 1:1:� 2 0:1:1:1 0, 0, 0 6163� 1:1:1:1:� 2 0:� 1 0, 0, 0 6163� 1:1:� 1:1:� 2 0:1 41, 31, 0 6364� 2 0:1:1:1:1:1 31, 0, 0 6264� 1:2 0:1:1:1:1 41, 31, 0 6364� 1:1:2 0:1:1:1 0, 0, 0 6174� 1:1:1:1:1:1:1 77, 0, 0 76173� 1:1:1:1:1:1:1 63, 0, 0 61574� 1:1:1:1:1:1:1 0, 0, 0 7474� 1:� 1:1:� 1:� 1:1:� 1 41, 31, 0 6379� 1:1:1:1:1:1:1 31, 0, 0 62
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5. Enumeration of handu� graphWe give an enumeration of handu� graph with up to six rossings by using ournotation. Links in the seond olumn orrespond to Rolfsen's knot table [14℄, andhandu� graphs in the last olumn orrespond to Fig. 8. L and � denote mirrorimages of L and �, respetively.
21 41 51

65 67 6866 69

62 63 6461

Fig. 8. Prime handu� graphs with up to six rossings.
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notation onstituent link handu� graph11� 2 221 2111� 4 421 4111� 2 1 2 521 5111� 6 621 6511� 3 3 622 6711� 2 2 2 623 6811� 3; 3 621 6611� 2 1; 2 1 623 6931� 2 0:� 2:1 421 4131� 2 0:2:� 1 021 21#32131� � 2 0:� 2 0:2 221 6231� 2 1 0:2 0:� 1 421 6441� 3:1:1:1 221 6241� 3 0:1:1:1 221 6341� � 3 0:1:1:1 421 6441� 2:2:1:1 421 6441� 2 0:2:1:1 221 6341� � 2 0:2:1:1 221 6241� 2 0:1:1:2 0 021 6141� 2 0:1:1:� 2 0 421 6461� 1:1:1:1:1:1 021 6163� 1:1:1:1:1:1 521 52163� 1:1:1:1:� 1:� 1 221 21#331�63� 1:1:� 1:1:1:1 221 21#331�Referenes[1℄ C. C. Adams, The Knot Book, W. H. Freeman and Company, New York, 1994.[2℄ J. H. Conway, An enumeration of knots and links, and some of their algebrai properties,Computational Problems in Abstrat Algebra (Pro. Conf. Oxford 1967), PergamonPress, 1969, 329{358.[3℄ T. Harikae, On rational and pseudo-rational �-urves in the 3-sphere, Kobe J. Math.7 (1990) 125{138.[4℄ Y. Huh, G. T. Jin, �-urve polynomials and �nite-type invariants, J. Knot TheoryRami�ations 11 (2002) 555{564[5℄ T. Kanenobu, H. Saito, S. Sato, Tangles with up to seven rossings, InterdisiplinaryInformation Sienes 9 (2003) 127{140.[6℄ L. H. Kau�man, State models and the Jones polynomial, Topology 26 (1987) 395{407.[7℄ L. H. Kau�man, Invariants of graphs in three-spae, Trans. Amer. Math. So. 311(1989) 697{710.[8℄ L. H. Kau�man, J. Simon, K. Wolott and P. Zhao, Invariants of theta-urves andother graphs in 3-spae, Topology Appl. 49 (1993) 193{216.17
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